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Abstract - Rectangle packing problem is a NP-Hard 
problem. Its solution space is infinite and many algorithms 

and techniques has been proposed for the optimal packing of 

rectangles. One finite set of solution space is P-admissible 

where every solution is feasible, evaluation of each code is 

possible in polynomial time and the packing of best evaluated 

code in the space coincides with an optimal solution of 

rectangle packing. In this type of packing every packing 

corresponds to a pair of code called sequence-pair .Sequence-

pair is a pair of positive loci and negative loci of blocks 

through which the geometrical information of each module is 

defined which helps to know the relative location of each 

modules and depending on which vertex directed acyclic 

graph is drawn. Horizontal constraint graph (HCG) is based 

on right-to constraint while vertical constraint graph (VCG) is 

based on below constraint. Finally based on Longest path 

calculation the width of the module is derived from HCG and 

the height of module is derived from VCG. Since the width 

and height of the chip is independently minimum, the 

resulting packing is optimal.. 

 
 

Key Words: NP-hard , polynomial time , Directed acyclic 

graph 

 

 

 

1.INTRODUCTION ( Size 11, Times New roman) 

 
VLSI Placement is a field of arranging or placing devices 

in a defined area following the constraints for the good 
placement or proper functionality of the chip.It is an important 
step of physical design cycle as it improves the performance of 
the circuit ,improves the routing(interconnection between the 
blocks) also it distributes the heat properly to avoid the 
malfunctioning of the circuit.VLSI placement also determines 
how much of the power will be consumed by the circuit.If the 
performance of the circuit is high having low power 
consumption with uniform heat distribution and having no 
congestion results into a good placement otherwise results into 
a bad placement. There are different styles of packing the 
modules or blocks(each module or device are reffered as a 
block) in a defined area.For example circle packing, rectangle 
packing,square packing, triangle packing,bin packing,strip 
packing,orthogonal packing into a specified area. According to 
the need or demand the packing style is chosen. Packing are 
classified into various categories like packing according to 
dimension is classified as 1D packing , 2D packing, 3D 
packing. In 1D packing one dimensional objects are placed in a 
unit box .2D packing deals with the packing of two 
dimensional objects like rectangle, square, triangle, circle etc. 

While 3D packing deals with packing of three dimensional 
objects like cube, cuboid, hypercube etc. According to shape 
packing are classified as square packing, Rectangle packing, 
Circle packing. In square packing square of different or same 
size are packed in a big square. In Rectangle packing  
rectangles of different or same size are packed in a big 
rectangle. Circle packing deals with the packing of circles into 
a big circle.According to the information of objects the 
packing are classified as online packing, offline packing, 
almost online packing. In offline packing the information of 
the objects are known i.e. the shape or size of the object and 
the packing arrangement can be changed further but in online 
and almost online packing the information about the object is 
not known in advance so once the packing is done it cannot be 
arranged further. According to packing problem it is classified 
as Bin packing, Strip packing, pallet loading, Knapsack 
problem. In bin packing the containers(bins) of fixed size are 
packed into containers so that the bins are packed in a 
minimum number of containers. In strip packing the objects 
having fixed width are placed into a big object of fixed width 
such that the height of the big object is minimized. Pallet 
loading deals with packing of large container into a fixed sized 
container orthogonally. In Knapsack problem each object is 
associated with some cost so that the object are to be packed 
with minimum cost. 

Rectangle Packing Problem(RPP) is considered to be a NP 
hard or NP complete since there are many solutions i.e solution 
space is infinite and many techniques or optimum algorithms 
are proposed . 

Input              : Sets of rectangle of different size. 

                  : Enclosing Rectangle of width W and height H. 

                    (orientation can be change like 90 degree). 

Objective        : To place small rectangles into a big rectangle     

                    such that there will be no overlapping and 

                    minimum area is used.                                                        

Technique      : Many techniques or optimum algorithms are    

                    Proposed like Simulated Algorithm(SA) , 

                    Genetic Algorithm(GA),Sequence Pair(SP) 

                    Technique. 

.  
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2. Application 
Rectangle packing concept is used in different industries like in 

wood or glass or fabrication industry rectangular sized pieces 

are to be cut from a big rectangular sheet so that maximum 

pieces can be obtained. In newspaper also rectangular sized 
columns or advertisements are to be placed in a fixed size of 

paper. In field of construction also maximum number of plots 

need to be defined within in a specified area. In placing of tiles  

also this concept is used to place the tiles in a fixed rectangular 

area. In keyboard designing also the small keys are to placed in 

a compact rectangular surface.   

 

3. Literature Review 
According to [34] Two dimension rectangle packing problem 

is a subset of cutting and packing problem. Many algorithms 

have been proposed for the solution of rectangle packing 

problem.The traditional heuristic algorithm and the meta-

heuristic algorithms are the two categories of these 

algorithm[44]. Mostly used heuristics are Bottom-left(BL) and 

Bottom-left filled methods. Simulated annealing , genetic 

algorithm are the meta heuristic approaches. These two 

heuristic and meta-heuristic approach were proposed by Lodi 

et al.(1999).Simulated annealing and genetic algorithms are 

also effective for combinatorial optimization problem.  

In 2009 L. Wei [44] aims to maximize the packing rate of 

rectangular knapsack problem for which introduces a least 

wasted first strategy and a random local search. 

In 2010 B.Wang uses Dynamic attractive factors presented by 

P.C Gilmore(1961) for two dimensional packing problem 

results into improved layout result. 

K.Singh and Leena Jain [45] used AYC Nee’s Rectangle 

packing heuristic presented by them in 2009 for the further 

feasible patterns.   

Genetic algorithm(GA) proposed by J. Holland et al. (1975) 

has five main components presented by Vignaux et 

al.(1991).1)solution representation 2) strategy to create 

starting population 3)Evaluation function for the 

determination of solutions 4)Genetic operators and 5) values 

of parameters. 

In 2011 Bitao Peng [46] aims to use the maximum area of 

bounding rectangle using Bottom Left algorithm and tree 

greedy search strategy for two dimensional Rectangle Packing 

Problems (RPP). Bottom Left(BL) algorithm introduced by 

Baker et al.[1] was the most popular approach further this 

approach was changed to a new version by various heuristics 

and an exact method using tree search techniques was 

proposed by Beasley JE in 1985. 

In 2012 A.Bortfeldt[49] uses 2D Strip packing problem(SPP) 

for feasible placement of the rectangle in enclosing rectangle 

of fixed width and minimum length and 2D Knapsack 

Problem(K-P) for feasible placement of subset of rectangle in 

enclosing rectangle with given width and length.In two 

dimensional cutting and packing problem Orientation 

Constraint and Guillotine Cutting Constraint plays an 

important role.These constraints have following four subset 

proposed by Lodi et al.(1999). 

Table -1: Constrained proposed by Lodi et al. in 1999 

 

In 2010 K.He et al. [48] proposed a Best fit algorithm 

(BFA)for two dimensional rectangle packing problem using 

algorithm of three dimensional rectangle packing problem.  

In 2013 E.Huang and R.E.Korf [50] introduces a new 

approach by choosing Y-coordinates after X-coordinates of all 

rectangles and proposed three new benchmarks for optimal 

Rectangle Packing. Also the comparisons have been made 

with several competing search spaces for rectangle packing. 

The Rectangle Packing Area Minimization Problem(RPAMP) 

has two main approach one is heuristic searching method 

based on layout representation second one is reduction 

approach for Strip Packing Problem(SPP) Other approaches 

are Branch and Bound technique and Linear Optimization 

technique. The most important approach for heuristic search is 

layout representation which is classified as slicing 

representation and non slicing representation. Non slicing 

representation are proposed by Murata et al.(1996) based on 

sequence pair, Guo et al. (1999) based on O-tree , Chang et al. 

(2000) based on B-tree and Lin et al. (2005) based on 

Transitive constraint graph(TCG). 

OF Orientation of all pieces is fixed(O) and 
Guillotine cutting is not required(F) 

OG Orientation of all pieces is fixed(O) and 

Guillotine cutting is not required(G) 

RF Pieces may be rotated by 90 degree(R) 

and 

Guillotine cutting is not required(F) 

RG Pieces may be rotated by 90 degree(R) 

and 

Guillotine cutting is required(G) 
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In 2014 Kun He et al. [51] proposed a Dynamic Reduction 

Algorithm(DRA)  and also mentioned that the layout 

representation is classified as slicing representation and non 

slicing representation and concluded that non slicing 

representation is better.According to packing zone Rectangle 

Packing Area Minimization Problem(RPAMP) is classified as 

Strip Packing Problem(SPP) and Rectangle Packing 

Problem(RPP).In 2016 Lei Wu et al.[53] introduces a concept 

of placing central rectangle in a center of final layout and 

proposed a heuristic algorithm called HACR for solving 

Central Rectangle- Rectangle Packing Area Minimization 

Problem(CR-RPAMP).In 2017 Lei Wu et al.[54] Further 

introduces a improved version of heuristic and named as 

IHACR. HACR [53] was having a disadvantage of consuming 

large time so to overcome the disadvantage IHACR[54] was 

proposed.IHACR uses three strategies: strategy of combining 

rectangles, leaving larger inner space and removing 

unnecessary comparisions. 

4. Rectangle Packing Problem 
Rectangle packing based on sequence pair [5] is studied and 
analyzed.       H. Murata et al. [5] introduces a P-admissible 
solution space. It is a set of finite solution space where every 
solution is feasible and the code evaluation and packing is 
possible in polynomial time so the best code packing leads to 
optimal packing. 

Let us consider a set of rectangles(blocks) ri ={r1, r2, r3, r4, r5} 
having width and height (w,h)={(2,2),(3,3),(2,1),(3,1),(2,1)} 
these rectangles are to packed in a big rectangle R (enclosing 
rectangle) having  height H and fixed width W (W,H)=(6,5) 
such that there will be no overlapping and minimum area is 
used. 

 

 

 

 

 

 

 

 

 

 

                               Fig -1: Figure 

 

4.1 Getting a sequence pair from initial packing 

 

Sequence pair is a pair of positive loci P+ and negative loci N-

. Positive loci is the union of right up locus and left down 

locus of each block. Whereas negative loci is the union of up 

left locus and down right locus of each block. 

 

                                
 
  

 

 

Fig -2: Positive loci P+ 

 

                                Fig -3: Negative loci N- 

 

Therefore the sequence pair is (P+ , N-)=(r1r3r2r4r5 , r4r3r5r1r2). 

4.2 Relative location of blocks 

Each block is placed either right, left, above and below with 

respect to other blocks. To know the relation location a table 

is drawn below. 

Ex: r2 is right to r1. 

(Note: If no block is present that is indicated as null)  

 

 

 

 

 

 

 

 

 

 

 

 

r1 

r2 

r3 

r5 r4 
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                       Table -2: Relative Location 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
4.3 Horizontal and Vertical Constraint Graph 

To get a optimal packing first we need to draw a weighted 

directed acyclic graph(DAG). The formation of DAG is 

explained below. 

First draw a grid at an angle 45 degree. The size of grid is the 

total no. of blocks minus 1 i.e. if m no. of blocks are there 

then size of the grid is      [m-1 x m-1]. As we have taken 5 

blocks so our grid size will be [4 x 4]. Then write the P+ from 

up to down at left side of the grid and N- from down to up at 

right side of the grid.Now place the respective block at the 

horizontal and vertical intersection point of respective block. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
                                 Fig -4: Figure 
For Horizontal constraint graph (HCG) follow the algorithm 

A1 below and follow the Table3.1 to know which block is left 

to or right to. 

Let S be the Sink(starting point having weight zero) 

Let T be the target(end point having weigth zero) 

Consider each block as a vertex Vi (i= 1 to 5 ) having weight 

Wi . 

Algorithm A1: Construction of HCG 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
   

                  Fig -5: Horizontal Constraint Graph                                        

 

     

For Vertical Constarint Graph(VCG) follow the algorithm A2 

below and follow the Table3.1 to know which block is above 

to or below to. 

Algorithm A2: Construction of VCG 

 

 

 

START: If there exist a vertex Vi which is left to Vj 

                                 connect that two vertices 

               Else              

                                 connect the vertex Vj with S 

              Goto START until each vertex is visited 

              End If 

              If there exist no vertex Vj which is right to Vi 

                                   then connect Vj to T 

              End If 

              For HCG 

                        Wi = width of  the block 

              End for 

START: If there exist a vertex Vi which is below to Vj 

                                 connect that two vertices 

               Else              

                                 connect the vertex Vj with S 

              Goto START until each vertex is visited 

              End If 

              If there exist no vertex Vj which is above to Vi 

                                   then connect Vj to T 

              End If 

              For VCG 

                        Wi = height of the block 

            End for 

Block 

Name 

Right Left Above Below 

 r1  r2 Null Null r3, r4, r5 

 r2 null r1, r3 Null r4, r5 

 r3 r2, r5 Null   r1   r4 

 r4   r5 Null r1, r2, r3 Null 

 r5 Null r3 , r4 r1, r2 Null 

r1 

r2 

r3 

r4 

r5 

r1 

r2 

r2 

r1 r3 

 r3 r4 

 
r4 r5 

r5 

r1 

r2 

r3 

r4 

r5 

r1 

r2 

r2 

r1 r3 

 r3 

 

r4 

 
r4 

 

r5 

 

r5 

T S 
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             Fig -6: Vertical Constraint Graph 

 
4.4 Optimal Packing 

Based on the HCG and VCG we proposed a program using c 

language to get one of the optimal packing . Through this 

program giving the information of HCG the program 

calculates the x- coordinate of the block and giving the 

information of VCG the program calculates the Y-coordinate 

of the blocks. 

#include<stdio.h> 

#include<conio.h> 

main() 

{ 

        int n,i,edgecount,j,k,large=0,l,m; 

        int p[20]={0}; 

        int pathvalue[10]={0}; 

        int x[20]={0}; 

        printf("Enter how many blocks are there :"); 

        scanf("%d",&n); 

        for(i=1;i<=n;i++) 
{ 

printf("\n How many edges incoming to vertex%d : ",i); 

scanf("%d",&edgecount); 

printf("\n Enter the vertex index value of all incoming     

vertex to vertex%d : ",i); 

 for(j=1;j<=edgecount;j++) 

 { 

   scanf("%d",&p[j]); 

                } 

 

 

 

 

 

 

 

 

    for(k=1;k<=edgecount;k++) 

              { 

  printf("\nEnter the path value of vertex%d   

                             via  vertex%d from source : ",i,p[k]); 

                             scanf("%d",&pathvalue[k]); 

               } 

               large= pathvalue[0]; 
                for(l=1;l<=edgecount;l++) 

                { 

     if(large< pathvalue[l]) 

     large= pathvalue[l]; 

    } 

     x[i]=large; 

  } 

   printf("\n  Coordinates are:\n"); 

   for(m=1;m<=n;m++) 

 { 

 printf("  %d  ",x[m]); 

  } 

  return 0; 

 } 

 

 

 
                   Table -3: X and Y coordinate       

 

 

 

 

 

 

 
Now place the blocks of respective (w,h) w.r.t the X-

coordinate and Y-coordinate we will get one of the optimal 

packing.   

Now place the blocks of respective (w,h) w.r.t the X-

coordinate and  Y-coordinate we will get one of the optimal 

packing.                                

 
             Fig -7: Optimal Packing 

 

 

Block name     

r1 

    

r2 

    

r3 

  

 r4 

   

r5 
X-coordinate     

 0 

    

2 

    

 0 

   

0 

    

3 
Y-coordinate     

2 

   

 1 

    

1  

   

0 

    

0 

r1 

r2 

r3 

r4 

r5 

r1 

r2 

r2 

 
r1 

 

r3 

 r3 

 

r4 

 
r4 

 

r5 

 

r5 

 

 

S 

T 
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4.5 Packing for 8 blocks 

Similarly we tried packing for 8 blocks of  

(h,w) ={(2,3),(8,5),(4,3),(2,3),(3,3),(3,6)(3,3),(7,2)} in a big 

rectangle of (H,W) =(12,13). 

 
                    Fig -8: Initial packing of 8 blocks 

 
Sequence-pair  (P+ , N-) =( 14523678 , 67548123) 

 

 
 
                         Fig -9: Relative location of 8 blocks 

 

 

 

 

 
                         Fig -10: Co-ordinates of 8 blocks 

 

 

 

 

 

 

 

                            Fig -11: Final Packing of 8 blocks 

 

 

5. CONCLUSIONS 

 
We successfully packed 4 and 5 blocks using sequence-pair 

which results into optimal packing but 8 block packing results 

into large wastage of space which shows that every sequence-

pair packing does not corresponds to optimal packing. A 

packing can have (𝑚!)2 Sequence-pair out of which atleast 
one corresponds to optimal packing. 
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