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ABSTRACT 

 

In this paper, we use partial order theory to study nonlinear integral equations in general Banach spaces, 

existence and uniqueness of solution are obtained and error estimate of the iterative sequences of 

approximation solution is given. As an application, we utilize main results presented in this paper to study 

the existence and uniqueness problems of weakly Caratheodory's solution for a class of nonlinear 

differential equations 
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INTRODUCTION 

 

Consider the non linear Integral equations of the form  

 

             1.1,,
0

  dssuMsusfstkthtu

t

 

             2.1,,,
0

  dssuMsusfstkuthtu

t

 

Where M > 0, k(t,s)ϵC[D,R+],     h(t) ϵC[I,E],     I[1,0],     R+ = [0;+∞],    

 R=(-∞,∞),   

 D={  (t,s) ϵR2/   0≤ s ≤ t ≤ 1} , h(t,u) ϵ C[I×E, E] , E is a real  Banach space with ‖ . ‖and f(t,u) satisfies 

the   weak  carathedory  conditions.
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Solution of the integral equation (1.1) can be obtained by the iterative sequences and the error estimate of 

the iterative sequences of approximation solution is given. As an application we prove that the existence 

and uniqueness problem of weakly   Caratheodory’s    solution for a class of non linear differential 

equation in Banach space.                       

 
  0

'

0

,

xu

utfu




 
 (1.3) 

In control theory,an open loop input – output system is described in many circumstances by the integral 

relationship 

                         

         4.10,
0

0   tdssustktxtx

t

 

Where u stands for the input and x stands for the output. 

The system (1.4) is controlled by the feedbacklaw, 

                               5.1,  txtftu

 
Implies  

          6.1,,
0

0   dssxsfstktxtx

t

 

PRELIMINARIES 

Let E be a real Banach space and P a cone in E. The order  is introduced by cone P, 

   A  cone  P  is said to be normal if there exists a constant  N > 0 such that x, y E . N is called the normal 

constant of P. 

Let the real Banach space E be partially ordered by a cone P of E, i.e. x_< y iff y-x E P. Recall that cone P 

is said to be solid if its interior int(P) is not empty. In this case, we write x<<tl<...<tk<...< t. 

MAIN RESULTS 

 

Theorem: 1 

  .:,, 0000 EIfifandvuthatsuchEIvuLet   Suppose that the Conditions (i),(ii) and (iii) are 

satisfied . Then the integral equation (1.1) has a unique solution  

                    
 00 ,vuinu and the iterative sequence for any    ., 000 vutx   
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            )7.1(......3,2,1,, 11

0

  ndssxMsxsfstkthtx nn

t

n  

            Theorem:1.1 

                   
  .:,, 0000 EIfifandvuthatsuchEICvuLet    

              Suppose that 

(i)   EIstf :,  satisfies  the weak   caratheodory  conditions and suppose that 

       EILtvtftutf P ,,,, 00  ; 

(ii) There exist constants  L > 0  ., EI such that  

                                                       uvLutfvtfuv  ,, for     Ittvvutu  ,00
and 

                        (iii)             dssuMsusfstktuthtu

t

00

0

0 ,,,  
 

                     

 

                                                                                                                                                                                                          

            dssvMsvsfstktvthtv

t

00

0

0 ,,,    

Then the integral equation (1.1) has a unique solution u in [u0, v0]and  

the iterative technique for any    ., 000 vutx   

           

             )8.1(......3,2,1,,, 11

0

  ndssxMsxsfstktxthtx nn

t

n

 

       Converges uniformly to u on I have the following error estimate. 

             

  
..............3,2,1,

!

2
00

0 


 ncuv
n

LMKNKN
ux

n

cn

 

 
 




Dst
stk

kwhere
,

,
max0

 

Proof: 

            
   ., 00 vutuanyFor 

 

            We define the mapping A by  

                 

            dssuMsusfstktuthtuA

t

  ,,,
0
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            dssvMsvsfstktvthtvA

t

  ,,,
0  

           It is easy to see the condition (i) that 

            
   EICvuA ,,: 00  andu(t) is a solution of equation (1.1)  iff  u is a  fixed  

                 point of A.ie, u = Au. 

           Now to prove that    0000 ,,: vuvuA  is the increasing operator. 

Let  .,, 00 vuvu  such that uv   

From (i) and (ii) 

By condition (ii) ,                      0,,,
0

  dssusvMstktuthtvthtuAtvA

t

  

Therefore A is an increasing operator on  ., 00 vu  

By condition (iii), 
0000 , vAvAuu 

 

Thus     0000 ,,: vuvuA   

Set  .......3,2,1, 11   nAvvAuu nnnn
 

 

By induction and the monotonicity of A, 

)9.1(............................ 0110  vvvuuu nn  

By (3.20) and condition (ii), 

        .......3,2,1,0 11   ntAutAvtutv nnnn  

               .....3,2,1,,,, 11

0

11    ndssusvLMstkuthvthuv nn

t

nnnn  

Substituting n= 1, 2, 3….. 

http://www.ijsrem.com/


          International Journal of Scientific Research in Engineering and Management (IJSREM)  

           Volume: 05 Issue: 06 | June - 2021                                                                                                    ISSN: 2582-3930                               

 

© 2021, IJSREM      | www.ijsrem.com                                                                                                                  |        Page 5 
 

 

       
00

0

!
uvt

n

LMkMk
tutv

n

n

nn 


  

For any positive integer m, 

   
.............3,2,1

!
00

0 


 nuv
n

LMkMk
uv

n

nn  

   nn vu , are Cauchy sequence in C[I,E], there exist  EICvu ,, **   such that 

       

],[

...)2,1(

,

00

**

**

**

vuuvu

nvvuuobviously

Itonuniformlynastvtvtutu

nn

nn







 

By the monotonicity of A , uAu   

This implies that u is a solution of (1.1) 

Similarly v is also a solution. 

                             uv   

Therefore  tu  is a unique solution, by induction 
nnn vxu   

cnn

cnncnn

cncnncn

uvN

uvuv

uuuxux







2

   
.............3,2,1

!

2
00

0 


 nuv
n

LMkMKN
ux

c

n

cn  

This is the error estimate. 

Theorem:1.3 
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  0000 ,, vuthatsuchEIvuLet  , Suppose that the conditions (i),(ii) and (iii) are satisfied and suppose 

that  

(H)           000000 0,,0, xvtftvxutftu 
 

Then the initial value problem (3.3) has a unique weak  caratheodory’s solution *
w  in  00 ,vu  

          )2(......3,2,1, 11

0

0  


  ndseswMswsfxetw
sM

nn

t

tM

n

 

Converges uniformly to 
*

w onI and have the following error estimate  

   
)1.2(...........3,2,1

!

2
00

* 


 nuv
n

LMNN
ww

c

n

cn  

Proof: 

The IVP       00,, xuutftu 
is equivalent to the integral equation 

           )2.2(,
0

0    dsesuMsusfxetu
stM

t

tM

 

        dsesuMsusfxetu
sM

t

tM   ,
0

0

 

         tMtM
etuMtutfetu 


,  

           )3.2(.0,, 0000 


xuetuMtutfetu
tMtM

 

Similarly 

                       )4.2(0,, 0000 


xvetvMtvtfetv
tMtM  

 the conditions (i) and (ii) are satisfied. 
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For any   ],[ 00 vutu   

          dsesuMsusfxetuA
stM

t

tM    ,
0

0  

Au=u 

 Then by condition (ii) of theorem 1.3, 

                   
dsesusvMsusfsvsftuAtvA

stM

t

  ,,
0  

             0
0

  dssusveMtuAtvA
stM

t

  

A is the increasing operator on  00 ,vu . 

Then by condition (iii) of theorem (1.3) 

           .....3,2,1,
0

11    ndssusvLMtutv

t

nnnn  

                   By the normality of the cone P, 

                    

  
.....3,2,1,

!
00 


 nuv

n

LMN
uv

n

nn  

As     n  ,      

.......3,2,1,1

*

1   nvAvwAAuu nnnn  

*****
wvwwAw 

 

  
....3,2,1

!
2 00

* 


 nuv
n

LMN
Nww

c

n

n
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This is the error estimate. 
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