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ABSTRACT

In this paper, we use partial order theory to study nonlinear integral equations in general Banach spaces,
existence and uniqueness of solution are obtained and error estimate of the iterative sequences of
approximation solution is given. As an application, we utilize main results presented in this paper to study
the existence and uniqueness problems of weakly Caratheodory's solution for a class of nonlinear

differential equations
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INTRODUCTION

Consider the non linear Integral equations of the form

t

u(t)Sh(t)+jk(t,s)[f(s,u (s))+Mu (s)]ds —————— —(1.1)

u (t)<h(t,u )+jk(t, s)[f(s,u(s))+Mu (s)]ds —————— —(1.2)

Where M > 0, k(t,s)eC[D,R*], h(t) eC[LE], 1[1,0], R*=[0;+o],
R=(-OO’OO),
D={ (t,s) €R? 0<s<t< 1}, h(t,u) €e C[IXE, E], E is a real Banach space with | . land f(t,u) satisfies

the weak carathedory conditions.
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Solution of the integral equation (1.1) can be obtained by the iterative sequences and the error estimate of
the iterative sequences of approximation solution is given. As an application we prove that the existence
and uniqueness problem of weakly Caratheodory’s solution for a class of non linear differential

equation in Banach space.

u(0)=x, (1.3)
In control theory,an open loop input — output system is described in many circumstances by the integral

relationship

()= o)+ [ Ko s)u(s)ds 130 —————- S(14)

0
Where u stands for the input and x stands for the output.

The system (1.4) is controlled by the feedbacklaw,
u(t)=f(t.t)-————- —(15)

Implies

1

X (t):xo(t)+jk(t,s)f(s,x(s))ds —————— —(1.6)

0
PRELIMINARIES

Let E be a real Banach space and P a cone in E. The order is introduced by cone P,

A cone P is said to be normal if there exists a constant N > O such that x, y E . N is called the normal

constant of P.

Let the real Banach space E be partially ordered by a cone P of E, i.e. x_<y iff y-x E P. Recall that cone P

is said to be solid if its interior int(P) is not empty. In this case, we write x<<tl<...<tk<...<'t.

MAIN RESULTS

Theorem: 1
Let u,,v, €[l, E|such that u, <v, and if f :I xQ — E.Suppose that the Conditions (i),(ii) and (iii) are
satisfied . Then the integral equation (1.1) has a unique solution

uin [uo,vo]and the iterative sequence for any x, (t)e [uo ,vo].
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X, (t):h(t)+_[k(t,s)[f(s,xnfl (s)+Mx, (s)]ds n=123...—————— — (1.7)

Theorem:1.1
Let u,,v, €C|[I, E]such that uy <v,and if f:I1xQ—E.
Suppose that

(1) f (t, s):I xC)— FE satisfies the weak caratheodory conditions and suppose that

Feuy(0)). £ (v, (1)) Ly 1. EJ;

(i1) There exist constants L >0 fe [I JE J such that

—ﬂ(v—u)S f(t,v)—f(t,u)SL(v—u)foruo(t)SuS v< vo(t),t el and

1

(iii) u,(£) <h(z,u(t))+ J‘ k(z, s)[f(s, uy(8))+M u, (s)]ds

0

1

Vo (t) Zh(t, % (t))+jk(t, s)[f(s, Vo (s))+M Vo (s)]ds

0

Then the integral equation (1.1) has a unique solution u in [ug, Vo]and
the iterative technique for any x, (t)e [uo Vo ]

t

x, (1)=h(t, x(t))+ j k(t,s)[f(s.x,_,(s))+M x,_,(s)|ds n=1,23......-————— — (1.8)

0

Converges uniformly to u on I have the following error estimate.

2N[K+NK,(M +L)[
n!

where k,=max { i )/(t, s)e D

X, —u ||C < ||v0 —u0||c,n =1,2,3 .

roof:
For any u(t)e [uo,vo].

We define the mapping A by

Aulr)= hlt, u(t))+jk(t, s)[f(s, u(s))+M u(s)]ds
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t

Av(t)= h(z, v(t))+jk(t, s)[f(s, v(s))+M v(s)]ds

0

It is easy to see the condition (i) that

A:[u, ,v,]—C[I, E] andu(t) is a solution of equation (1.1) iff uisa fixed

point of A.ie, u = Au.

Now to prove that A :[u, ,v,]—>[u, ,v,] is the increasing operator.

Let u,veuy,v,].such that v>u

From (i) and (i1)

t

By condition (ii) , Av(r)— Au(t)> [h(t,v(t))—h(t,u(t))]+_[k(t, s)[(M = g)[v(s)-u(s)]|ds >0

0

Therefore A is an increasing operator on [uo, Vo ]
By condition (iii), u, <Au,, Av,<v,
Thus A :[u,,v, | =, .v,]

Set u, =Au, ,, v,=Av, ,n=123.......

By induction and the monotonicity of A,
Uy SU S, <u
By (3.20) and condition (ii),

0<v,(t )-u, (1)=Av, ,(t)-Au, (), n=123...

t

v, —u, < [h(t,v, )-hlt.u,, )]+Ik(t,s)[(M + L)y, (s)-u,  (s)]|ds,n=1.23.....

0

Substituting n=1, 2, 3.....
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n

0, ()< [ k+ Mky(M+L) ]

n!

t

Vo _“0”

For any positive integer m,

3 [ k+ Mky(M+L) ]

n!

Vo —tto] n=123.............

= {un }, {vn} are Cauchy sequence in C[LE], there exist u veC [I , E] such that
w, ()= u(2),v,(t)—> v (t)asn — couniformlyon t € I
obviouslyu, <u” <v' <v_(n=1,2...)
=u =v =uelu,,v,]
By the monotonicity of A, u=Au
This implies that « is a solution of (1.1)
Similarly v is also a solution.
=>vV=u

Therefore ﬁ(t) is a unique solution, by induction u, < x, <v,

||x” —u || CS nlie u” —u c

+

NLIKe MWD o

Cc n'

Vv, —u,|| +|v, —u

n n

—u

n

c

This is the error estimate.

Theorem:1.3
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Let u,,v, e[l , E] such that u, <v, , Suppose that the conditions (i),(ii1) and (iii) are satisfied and suppose

that

!

(H) uol(t)é Fltug(0)< x, 5 vy (1)< £(2,v,(0))< x,

Then the initial value problem (3.3) has a unique weak caratheodory’s solution w™ in [u,,v, ]
w, ( %, +j N+Mw,  (s)e™ds |n=123....-————— —(2)

Converges uniformly to w" onl and have the following error estimate

. N[ NM+L)]

c

#*
w. —w

n

n!

Proof:

The IVP u ’ (t) =f (t,u), u(O) =x, is equivalent to the integral equation

M+ j ()+Mu(s)e™ds | —————= —(2.2)

t

u(t)e" = x, +.[ [f(s,u(s))+M u(s)]e™ ds |

0

[u0)e” ] = [ (e + M uo)]e™

O N TR0 I N ) N () EF R ——— 23
Similarly
[v0)e" ] < [Flevoe)+ My, @) v, (0) <, —————- SNCPY

= the conditions (i) and (ii) are satisfied.
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For any u (t)e[uo Vo
Aulr)=e™" x, +j [£(s,u(s))+M u(s)]e™ s ]

= Au=u

Then by condition (ii) of theorem 1.3,

Av(t)—Au(t)=j [[ 7 Gs.vls)+f(souls)) 1+ [vls) = uls) J]eds

Av)-Aule)> M=p) [ e Iols)-uls)ls>0

= A is the increasing operator on [uo, vO].

Then by condition (iii) of theorem (1.3)

v, ()= u,(t)< (M+L) [V,H (s)—u, (s) ]ds ,n=123...

S —_—

By the normality of the cone P,

VL] 23

Vv, — U

n n

As n— oo,

u,=Au, <Aw <Ay, =v

n-1—

n=123.....

ne

*

* * * *
w <Aw <w =v =w

Hwn —w HS ZNM ||v0 - u, ||C n=123...

n!
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This is the error estimate.
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