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Abstract. Let X be a Banach space and F a subset of X. In this paper, we introduce a new iterative scheme
to approximate fixed point of mean non-expansive mappings. We first prove that proposed iteration
process is faster than all of Mann, Ishikawa, Picard, Agarwal, Noor and Thakur processes for contractive
mappings. We also show that some weak and strong convergence theorems for mean non-expansive
mappings. Using example presented in mean non-expansive mappings in Banach space. We compare the
convergence behavior of the new iterative process with other iterative processes.
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1.INTRODUCTION

In this paper, we denote by E the set of positive integers and by R the set of real numbers. Let X be a
uniformly convex Banach space and C be a nonempty closed convex subset of X. Let F(T) = {Tx=x: xeC}
is denote the set of fixed point of T. Let T:C—C be mapping then T is said to be,

(@) Contraction- If ITx-Tyl<klx-yl, for all x,yeC and ke[0,1), where k is called contraction constant.
(b) Non expansive- If k=1, i.e. ITx-Tyl<Ix-yl, for all x,yeC
(c) Quasi non-expansive- If ITx-pl<Ix-pl, for all xeC and peF(T)

In 1920, S.Banach[1] proved most important result n complete Metric space, it state that if X is a compete
Metric space and T:X—X is contraction mapping, then T has a unique fixed point.

In 1965, Browder[2], Gohde[3] and Kirk[4] independently prove that every non expansive mapping of a
closed convex and bounded subset of uniformly convex Banach space has a fixed point.

Recently, Akutsah et al. [8] introduced the following iteration scheme in the frame work of Banach space.
Let (X,I.I) be a Banach space and C be a non empty closed convex subset of X.

Let {x.} in iterative manner is given below,
an(l'Bn)Xn+BnTXn
Yn=T2n
Xn+1=T((1-(1n)yn+0tnTyn) , n>1, (1-1)
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Xn+1=T12n
Zn:T((l'Bn)Xn'l'BnTXn
yn:T((l'an)Zn+anTZn (12)

where {an} and {Bn} are sequence in(0,1).

2.PRELIMINARIES
Defintion 2.1 - Let C be a non empty subset of Banach space X and T:C—C be mapping then T is said to
be,
(a) Mean non-expansive[5], if there exists a,p>0 with a+p<1, such that
ITX-Tyl<alx-yl+BlIx-Tyl, for all x,yeC
(b) Satisfy condition(C) Suzuki type[6], if
%IITx-xIIS||x-yI|=>||Tx-Ty||§||x-y||, for all x,yeC
(c) Satisfy condition(Cy), if
MTX-XI<IX-yl=>ITx-TylI<Ix-yl, for all x,yeC
Let C be a nonempty subset of a Banach space X,a mapping T:C—C is said to satisfy condition(C) if,

ATXXI<IX-YI=>TX-Tyl<Ix-yl

For all x,yeC. it is obvious that every condition (C) mapping with a fixed point is quasi non-expansive
mapping.

Recently, S-S Zhang in[5], introduced the class of mean non-expansive mappings in Banach spaces and
obtained a fixed point theorems for such mappings. Let C be a non empty subset of a Banach space X, a
mapping T:C—C is said to be mean non-expansive if for a given real number o<1,

ITX-Tyl<alx-yl+pIx-Tyl , for all x,yeC.
There exists iteration processes which is often used to approximation fixed points of non-expansive mappings.
Let C be non empty subset of Banach space X and T:C—C be mean non-expansive with F(T)#£¢e, then

(@) T is aquasi non-expansive.
(b) F(T) is closed.

Definition 2.2 Let C be a non empty subset of a uniformly convex Banach space X. A sequence {Xn} in X
is said to be monotone with respect to subset C, if Ixn+1-zI<Ixs-zl, for all zeC, n>1.

Preposition 2.3 Let C be a non empty subset of a uniformly convex Banach space X. Suppose that {xn} is
Fejer monotone sequence with respect to C. Then the following holds:

(a) Sequence {xn} is bounded.
(b) For every xeC, Ixn-xI converges.
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Preposition 2.4 Let C be a nonempty subset of Banach space X and T:C—C be mean non-expansive
mapping F(T)#e, Then T is quasi non-expansive mappings.

Lemma 2.5 Let X be uniformly convex Banach space and {tn} be a sequence in [3,1-3] for some 0<t,<q<1
for all neN. Let {xn} and {yn} be two sequences of X such that lim suplxnl<r and lim suplysl<r and
n—-oo

n—-oo

lim lltaXn+(1-ta)ynl=r holds for some r>0. Then lim lIXn-ynl=0
n—-oo n—-oo

Definition 2.6 [18] Let {tn} be any arbitrary sequence in K. An iteration procedure xn+1=f(T,Xn) converging
to fixed point z is said to be T stable or stable with respect to T if for
en=Itn+1-f(T,tn)l, for all neN. we have lim a,=0 if and only if lim t,=z .

n—-oo n—-oo

Lemma 2.7 Let {¥n} and {&n} be non-negative real sequences satisfying the following inequality:
Pn+1<(1-¢@n)¥n+En,

where @ne(0,1) for all neN, Y7, pn=ow and lim %ZO,then lim wn=0.
n—-oo

n—-oo

3.Main Results

Lemma 3.1 Let C be a nonempty closed convex subset of a uniformly convex Banach space X and
T:C—C be a mean non-expansive mapping . Then F(T) is closed.

Proof. Let {xn} be a sequence in F(T) such that x,—X as n—oo . Since T iS mean non-expansive mapping.
We have,

0<Ix-TxI=IX-Xn+Xn-TxI
<Ix-Xnl+Ixn-TxI|
=Ix-Xnl+ITxn-TxI
<Ix-Xnl+alxn-xI+blxn-TxI
<I(1+a)lx-Xnl+blxn-TxI
<(1+a)lx-Xnl+blxn-xI+blx-TxI
IX-TxI-bIx-TxI<(1+a)Ix-Xnl+blIxn-xI
(1-b)Ix-TxI<(1+a+b)lx-Xnl—0 as n—oo
This shows that Tx=X, i.e. xeF(T).
Hence F(T) is closed.

Lemma 3.2 Let C be a nonempty closed convex subset of a uniformly convex Banach space X and
T:C—C be a mean non-expansive mapping such that F(T)#¢. Let {xn} be a sequence in C defined by
(1.1)&(1.2).Then lim lIxs-zl exists for all zeF(T).

n—-oo

Proof. Let zeF(T),

Iyn-zI=ITzx-zI
<ITz,-Tzl
<alzn-zl+blz,-Tzl
=(at+b)lz,-zl
<lzn-zl
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1zn-zI=1(1-Bn)Xn+Pn TXn-2ZI
<(1-Bn)IXn-ZI+Bnl TXp-zI
<(1-Bn)IXn-zI+Pn(alXn-zI+blxn-Tzl)
=(1-Bn)IXn-zI+Pn(atb)Ixn-zl
<IXn-zl
And
IXn+1-ZI=IT((1-0n)yn+an Tyn)-2zl
<al(1-anyn)+anTyn-zl+bl(1-0n)yn+on Tyn-TzI
<a(1-on)lyn-zl+aanl Tyn-zI+b(1-0n)lyn-TZl+banl Tyn-Tzl
=(a+b)(1-an)lyn-zl+(at+b)anl Tyn-Tzl
<(1-an)lyn-zl+on(alyn-zl+blyn-Tzl)
<lyn-zI
<lzn-zI<Ixp-zl
This shows that {Ixq-zI} is bounded and non-decreasing for all zeF(T).Thus {xn} is bounded and {Ixn-
zI} converges. i.e. 1113)10 IXn-zI exists.

Lemma 3.3 Let C be a nonempty closed convex subset of a uniformly convex Banach space X and
T:.C—C be a mean non-expansive such that F(T)Zo, let {xn} be a sequence in C defined by (1.1) & (1.2)
and {yn} be a sequence in[,1-6] for some d¢€(0,1). Then lim lIXn-TXnl=0.

n—-oo

Proof. From Lemma 3.2
lim IIxn-zI exists for all zeF(T), so suppose that

n—->oo

lim IIXs-zl =q, where ¢>0. If q=0, then

n-co
IXn-TXnl=Ixn-Z+Z-TXnl
<Ixn-zI+lz-TXnl
<Ixn-zl+alxn-zI+blxn-Tz|
<(1+a+b)lxn-zl—0 as n—oo
Let g>0, since lim lIxp-zl=g=>lim suplxn-zl<q, also
n—oo n—oo

ITXn-zI<(at+b)Ixn-zl
lim suplTXn- Z||<11m suplxn-zl

n—->oo

lim suplTXn- ZIISq

n—->oo

Let{yn} be a sequence in[0,1-8] for some d¢(0,1), then we have
lim supl(1-yn)(Xn-2)+yn(TXn-2)I<(1-yn) lim suplXn-zl+yn lim suplTxs-zl
n—-oco n—-oo n—-oo
lim supl(1-yn)(Xn-z)+yn(TXn-2)I<q
n—-oo
So, from lemma 2.5, we have lim [I(Xn-z)-(Txn-2)I1=0
n—-oo

|e lim "Xn'TXn"=0

n—-oo

Theorem 3.4 Let C be a nonempty closed convex subset of a uniformly convex Banach space X and
T:C—C be a mean non-expansive mapping such that F(T)#£¢. Let{xn} be a sequence in C defined by (1.1)
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& (1.2).Then the sequence {xn} converges strongly to a fixed point of T iff lim d(x»,F(T))=0, where
n—->oo

d(xn,F(T))=inf{lIxn-zl: yeF(T)}.
Proof. Let {xn} converges to z a fixed point of T. Then lim d(Xn,2)=0 and 0<d(xn,F(T))<d(xn,z), it follows
n—->oo

that 711_1)1010 d(Xn,F(T))=0.Therefore 7111_r)£10 d (Xn,F(T))=0,

Conversaly, suppose that Al_r& d(xn,F(T))=0, for >0, there exists noeN such that for all n>no.
d(xn,F(T))<;

By lemma (3.2 & 3.3), that Al_t)go lIxn-zl exists and that 711210 d(xn,F(T)) exists for all zeF(T).

By our hypothesis,
7ll_r)xolo d(xn,F(T))=0.

Suppose {Xno} is any arbitrary subsequence of {xn} & {r«} is a sequence in F(T) such that for all neN,
Xno-rid<>

It follows that Ixnsm-Tl<lxn-rxl <§, for n,m>no, We have

IXn+m=Xnl=IXn+m-Tk+Tk-Xnl
<Ixp+m-ril-Hre-Xnl
=2[Xno-Tkl
<e
It follows that {xn} is a Cauchy sequence in C. Since C is closed subset of uniformly convex Banach space
X. So there exists a point say xeC such that
Ixn-xI—0 as n—o0. By our assumption gl_r)r(}o d(xn,F(T))=0,

it gives that,

d(x,F(T))=0=>xcF(T).
Theorem 3.5 Let C be a nonempty compact convex subset of a uniformly convex Banach space X and
T:C—C be a mean non-expansive mapping such that a+b<l and F(T)#¢. Let {xn} be a sequence in C
defined by (1.1) & (1.2). Then the sequence {xn} is T stable(T a function on X).
Proof. Let {sn}<=X be an arbitrary sequence in C and suppose that the sequence {xn} generated by (1.1) &
(1.2) is xn+1=f(T,xn) converges to a point zeF(T) and en=lsn+1-f(T,Sn)l. It is sufficient to prove that lim en=0

n-—-oo
iff lim sp=z.
n—->0oo
Let lim en=0,
n—oo
lyn-zl<(at+b)lzn-zl
<ITxn-zl
<Ixp-zl
And

Isn+1-ZI<lISn+1-F(T,Sn)1+If(T,Sn)-2ZI
=ent+If(T,sn)-zl
<ent(atb)(1-anton(a+b))(at+b)(1-pntPn(atb))lss-zl
=en+(a+b)?[(1-on)+on(a+b)][(1-Bn)+Pn(a+b)]lsn-zI
=en+(a+b)?[1-((on+PBn)(1-(a+b)-anPn(1-2(a+b))-(a+b)?]lsn-zl,
Let (Pn:((ln+Bn)(1-(a+b)-U.an(1-2(a+b))-(a+b)2
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Since {an} {Bn}<(0,1) and a+b<1, we conclude that anpBne(0,1), antPne(0,1).
Therefore, @ne(0,1)
By our assumption lim e,=0, we have lim %:O, so from lemma 2.7,

n—->oo n—->oo

We have lim sn=z.

n—-oo

Conversely suppose that lim sn=z, since
n—->0oo

en=lsn+1-f(T,sn)l
<lsn+1-zI+1z-f(T,sn)l
<lIsn+1-ZI+(a+b)?[1-((on+PBn) (1-(a+b))-anPn(1-2(a+b))-(a+b)?]Isn-zI—0 as limn—xs
It follows that lim e,=0.This show that the iteration scheme(1.1) & (1.2) is stable(function on X) with

n—-oo

respect to T.

4 NUMERICAL EXAMPLE
Example 4.1 Let X be a real uniformly convex Banach space and C=[0,1] be a non empty closed subset of
X. Let T:C—C be a mapping defined by

00<x<1

xl<x<1
82

Proof- Since T is not continuous at X:E’ hence T is not a non-expansive mapping.

Tx =

We claim that mean non-expansive mapping.
Casel-Suppose that OSX,y<%.Then ITx-Tyl=0.For a=b=§, we have ITx-Tyl=0<alx-yl+blx-Tyl.
Case2-Suppose that l<x,y<1 Then IITx-Tyllzlllx-yll. Also
dxﬂ%hTﬂaMﬂ+MyH
zﬂww
> ZIx-yl = ITx-Tyl.
Case3-Let OSX<%,§SySI.Then ITx-Tyl = %Ilyll, and
alx-yl+blx-Tyl= %IIX-yII%IIX-%II
> éllx-y-(x%) I
= Iyl>=lyl=ITx-Tyl.
Cased-Let ~<x<1,0<y<, then ITx-Tyl=xl, and
alx-yl+blx-Tyl=Ix-yl+Ix]
>HIxI=IxI=ITx-Tyl.

Thus we conclude that T is mean non-expansive mapping.
Comparison between convergence of (1.1) & (1.2) with Akutasah[8], Abbas[9], Thakur[14] iteration
scheme to the fixed point x=0 of T in example[4.1].
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Iteration Akutsah Thakur Abbas

0 0.50000000 0.50000000 0.50000000
1 0.00000000 -0.01953125 0.00781250
2 0.00000000 0.00029564 -0.00002480
3 0.00000000 -0.00000257 0.00000011
4 0.00000000 0.00000001 0.00000000
5 0.00000000 0.00000000 0.00000000
6 0.00000000 0.00000000 0.00000000

5.CONCLUSION

We conclude that via numerical example our iterative process is faster than the well known iteration
appeared in the literature and our results obtained in this paper improve.
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