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Abstract: Discrete Two Parameter Singular Perturbation Method is extended up to second-order
approximation. A fifth order discrete power system model with three time scales is considered. It
is modeled as a two parameter singularly perturbed system. Then an Initial value Problem (IVP)
is studied using this singular perturbation method (SPM). SPM consists of an outer series solution
and two boundary layer correction (BLC) solutions. Boundary layer corrections are required to
recover the initial conditions lost in the process of degeneration. SPM is carried out up to second-
order approximate solution and these results are compared with the exact solution. The results
substantiate the application.

Index Terms: Time scales, discrete two parameter system, singular perturbation method,
Initial value Problem

1. Introduction

The dynamics of many continuous-time and discrete-time systems is described by high order
differential and difference equations respectively. The presence of small parameters such as time
constants, masses, moments of inertia, inductances and capacitances is the source for increased
order of the system. The solution of these high order stiff systems poses a problem and requires
special numerical methods. Singular Perturbation Methodology (SPM) alleviates these problems
by suppressing the small parameters. More specifically, SPM removes system’s stiffness, reduces
the order of the system, satisfies the given boundary conditions and gives an approximate solution
closer to the exact solution.

A system in which the suppression of a small parameter results in degeneration of the dimension
of the system is called a singularly perturbed system. Such a system possesses widely separated
groups of eigenvalues exhibiting slow and fast phenomena or time-scale phenomena. Singular
perturbed and time-scale systems are synonymous [5]. SPM in continuous control systems has
matured enough [1-4]. SPM in discrete control systems is being developed [2, 5-13] and its
applications are not thoroughly explored. To fill that gap, here a fifth order discrete power system
model [14] with three time scales is considered. It is modeled as a two parameter singularly
perturbed system. Then an IVP is studied using the SPM extended up to second-order
approximation.
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2. Discrete Two-Parameter Singular Perturbation Method (DTPSPM)

The two-parameter and multi-parameter problems in discrete systems are studied extensively [6-
8, 10-12]. Here we overview and extend the DTPSPM up to second-order approximation in state
variable form from control view. Consider a three-time-scale linear time-invariant stable system

described by
xo (k + 1)] [ xo (k) ]
=A +B u(k 1
[xj (k + 1) |7 |y, oy [TB 00 (1)
where j=1,2;
A1y A1z Az B,
A=|421 Az Ap|,B=|B;
Az; Azz Asz B;
and
state vector x4 (k) € K", j=1,2, 3.
Aj; and B; are matrices of approximate dimensionality {1, Up. are the small positive scalar

parameters related, such that ( Hillj—g) = +0-38 p; > +0,j =2 - The control vector u(k) ¢ R

is independent of the small parameters. Redefining the new parameters as &; = y; and

& = % , Eq. (1) may be written as

xo (k + 1) xo (k)
xk+1D|=Al 1x,.() |+Bufk) (2a)
x, (k+1) &182%5 (k)

With initial conditions
xj(k=0) =x;(0),j=0,1,2 (2b)
(2) gives the general form of singularly perturbed two-parameter discrete control system

When &, is made equal to zero in (2), x,(0) is lost and when & and &, are neglected x;(0) and

x2(0) are sacrificed. In other words, when the small parameters £ and &, are suppressed in (2a),
the resulting degenerate subsystem

x30(k +1) x2°(k)
k+D|=A| 0o [+Buk) (3a)
x°(k + 1) 0

is of reduced order ng and cannot satisfy all the given initial conditions (2b). Hence the discrete

system (2) is in the singularly perturbed form. That is

x20(0) = x(0); x3°(0)¢xj(o),j:1,2. (3b)

The (n;+ny) initial condition lost in the process of degeneration are recovered by the following
SPM.
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2.1 Singular perturbation method for IVP

1) Outer solution
As a first step towards the proposed perturbation method for (2), double asymptotic power series
expansions are assumed for outer series solution

X(l_‘ )=Xx ”gl_cu)s ig J,v=031, 2. (4) where q is the order of the desired
approximation.
By substituting (4) in (2a) and equating coefficients of like powers of e ¢ ,ve obtain a set of

equations. For the zero-order approximation (£2£9) the resulting equation is the same as that
given by (3). For the first-order approximation,

[°k+ D] [x°k)]
1 x10Ck4+1) o x00(k) (52)
Ldewe+n] Lo

M
oy

[0 Gt D] ey
& xP1(k+1) o |0 (5b)
xM(k + 1) 0

For the second-order approximation

[x5"(k + 1) x5 ()
etey. x11(k4+1) Ja x01(k) (5¢)
x5tk +1) x3° (k)

[x5°Ck+ 1] [x2°0)
ef. x20(k4+1) Jo x20(k) (5d)
e+l | o

e2. x02(k+D) y [0

[x6%(k + 1) [xgz (k)]
(5e)
192 + 1)

0
Similar equations can be easily formed for higher-order approximations.
(ii) Boundary layer correction solutions

In order to recover the initial conditions lost in the process of degeneration and to provide the
necessary initial data for solving outer equation (5), the following transformations are used.

K
xoc1(k):3;(;)1<_(+1)2 (6a)
xo (K) .
Xoc2(K)=gs s (6b)
K
x1c1(k):%§ (6¢)
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xlCZ(k) k k+1 ; (6d)
X0 (K)=22 (k) (6e)
xzcz(k)—xZ(k) (61)

where (¥01X11X21) gefers to the BLC 1 and (¥02X12%22) refegs to the BLC 2.
Using (6) in (2) the subsystem for the BLC 1 is given by

£1%gc1(k+ 1) Xoc1(K)
Xk +1) [FA | x161(K) (7a)
Yok +1) £2%2¢1(K)

and the subsystem for the BLC 2 is given by

£182%0c2(k+ 1) Xoc2(k)
E2X1c2(K+ 1) |=A | X12(K) (7b)
Xoc2(k+1) Xc2(K)

Double asymptotic power series expansions are implemented for BLC

Toed(0 = Thoolel Y dle, »= L2 s=13 ®)
(a) BLC 1
Substituting (8) in (7a) and collecting coefficients gives for the zero-order approximation
o o 0 [x66: (1)
€1€3- x1 61(k+1) LA x00(k) 9)

lxza(k + 1)} l Lc(l)

For the first-order approximation
[xoa(k D] [x3e1 ()]

1. x20(k41) 2f x10(k) (10a)

llegl(k +1)] [ 0

ol O Ik e
& X1 ca(k+1) LA x01(k) (10b)

lxzm (k+1)] |_ l(J(l)

For the second-order approximation

[x0c1 (k+1) [x001 (k)
e163. x11(k+1) A x11(k) (11a)

ERONS

lxmac TS I PN
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ef. x20(k4+1) o x20(k) (11b)
(k +
T [x52.(6)
& X1 c1(k+1) A in(Lk) (11c)

|22+ 1] 202 o)
(b) BLC?2
Inserting (8) in (7b) and collecting coefficients, we get for the zero-order approximation

0 ] [x062 (k)
£1¢ { 0 =A x%(k)., (12)
%38 (ke + 1)) lecz(k)
For the first-order approximation

0 1 [x0e2(k)
611: { 0 =A xlo(k)lcz (13a)
X302 (k + D lx ()
[ 0 1 [x0c2(k)]
e, % ca(k+1) La x01(k) (13b)

1uz

|00+ D |2 )]

For the second-order approximation

xpe2 (k +1)] [xocz(k)
ereg. [x10(k+1) _A x12(k) (14a)

1o

leéz (k+ 1) lxzcz(k)

0 1 [x562(k)

.| o 200k ). (14b)
x50, (k + 1)J lx , (k)
[ . 0 [x(())gz (k)
& N ea(k+1) ba x02(k) (14c)

|22,k + 1] |02,
For higher-order approximations, similar equations may be obtained.

(ii1) Total series solution (TSS)

The total series solution is given by the outer solution (4) and the two BLC solutions (8) as

x§ (k) £ x5 (O + el xgy, (k) €+ ef xgr, (0]ele) (152)
%] (k) 2?’].20[)( (k) +51x1 Cl(k) ffsé‘“xi’cz(k)]a{sg (15b)
% () Elpo [x (k)+£1x261(k) #; szxzcz(k)]el.s2 (15¢)
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where q is the order of the desired approximation.

(iv) Initial conditions

The determination of the necessary initial conditions for the solution of the outer equations (3)
and (5) and the BLC equations (9) - (14) is a vital step in singular perturbation analysis. These are
determined based on the fact that the total series solution (15) consisting of outer and BLC
solutions should satisfy the given initial conditions. Then the following relations are obtained. For

zero-order approximation
efed: x0°(0) = x(0)
efey X761 (0) =@ —x{°(0)
1831 X3¢, (0) =2(0) —x3°(0) —x3¢,(0)
For first- order approximation
&1+ %5°(0) = —xg¢41 (0)
g3 x31(0)=0
e1: x1¢1(0) = —x1°(0)
&3 x7¢1(0) = —x? (0)—x72, (0)
&1t %7¢2(0) = —x3°(0)—x3¢, (0)
&3t %502(0) = —x31(0)—x3¢,(0)
For second - order approximation
eter: %51 (0) = —xg¢, (0)—x0¢, (0)
71 x5°(0) =—x5¢1(0)
5:x07(0) =0
ete: X101 (0)=—x{"(0)—x1¢;(0)
i1 2781 (0) = =x7°(0)
&3 %7 ¢1(0) ==x{*(0) — 17, (0)
1831 X5 ¢2(0) ==x3¢; (0)—x3"(0)
&f 1 %5 32(0) =x3°(0) —x3¢,(0)

&3 X3 ¢2(0)=—x3*(0) — 3¢, (0)
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(v) Algorithm
A close examination of the selected initial conditions suggests the algorithm. For a particular
order of approximate solution, first the outer solution is to be found. Next, add the BLC
corresponding to the least singular transformation. Continuing this process, finally add the
BLC corresponding to the most singular transformation. Note that proper care should be taken
in evaluating the zero-, first- , second- and higher- order approximate solutions by adding
corrections in an appropriate manner depending on the value of k.

3. Application of DTPSPM
Consider a fifth order power system model sampled with 0.7s [14]. The resulting system is given
by

%k +1] 1 09147 00253 00125 0.0075 00051 1[*(K)] [0.0097]
x;(k T[] -0.0602 0.8893 —0.0003 0.0456 0.0295 R
x;(k+1)|5 -0.0195 0.7016 0.2465 0.0209 0.0192 x, (k) [+{0.0198 | u(k)
xs(k+1)| | _1.4300 _0.0219 _0.0138 0.2399 _0.0063{|x;(k)| [1.5006
x,(k+ 1) l1-11124 —0.0125 —0.0089 03388 0.0259 | [x, (k)] 11.1545

(19a)
The eigenspectrum of this system

(0.8928 + 0.0937i, 0.8928 - 0.09371, 0.2506 + 0.0251i, 0.2506 - 0.02511, 0.0296)
clearly indicates three-time-scale nature. Hence it is represented as a two-parameter system as

shown below.

Xk + 1) 1 09147 00253 00625 0.0375 02550 [ *o() ] 0.0097y

—0.0602 0.8893 -0.0015 0.2280 1.4750 X1 i
xp(k+1)F| —0.0195 07016 12325 0.1045 0.9600 €12 (k) 10.0198 |u(k)
x3(k+ 1) § _14300 _0.0219 _0.0690 1.1995 _0.3150¢| &x3(k) | 1.5006
x4 (k+ 1) 1.1124  0.0125 -0.0445 1.6940 1.2950 d|¢ &,x, (k)] 1.1545
where €1 =0.2; &0 =0.1. (19b)
The initial conditions are given as

x00)=2; x1(0)=-1;  x20)=1; x3(0)=5; x4(0)=-4

This IVP is solved using the SPM given in Section 2. The solutions for zero, first, second-order
approximations are obtained and compared with the exact solution as shown in the Table 1. From
the table we observe that

@) The degenerate solution, obtained by making &1 and &) equal to zero in (19b), is unable to
satisfy the initial conditions x»(0), x3(0) and x4(0).
(i1) The zero-order solution, obtained from (15), incorporates BLCs and hence it recovers the

initial conditions x(0), x3(0) and x4(0). Thereafter, i.e., k > 1, it remains equal to the
degenerate solution.

(ii1) The first-order solution improves the zero-order solution and is closer to the exact
solution.

@iv) The second-order solution improves the first-order solution and is much closer to the
exact solution.

WWwWw.irjems.com



W<
,129&“
A

International Research Journal of Engineering and Management Studies (IRJEMS)

Volume: 03 Issue: 03 | March -2019

e-ISSN: 2395-0126

x(k) Degenerate Zero- order First- order | Second-order Exact
Solution Solution Solution Solution Solution
x0(0) 2 2 2 2 2
x1(0) -1 -1 -1 -1 -1
x2(0) -0.7563 1 1 1 1
x3(0) -1.6293 5 5 5 5
x4(0) -1.2847 -4 -4 -4 -4
xq(1) 1.8138 1.8138 1.8637 1.8603 1.8434
x1(1) -0.9481 -0.9481 -0.7204 -0.7199 -0.8384
xo(1) -0.7208 -0.7208 -0.3698 -0.3659 -0.4466
x3(1) -1.3373 -1.3373 0.2052 0.1995 -0.1266
x4(1) -1.0578 -1.0578 -2.1483 -2.0963 0.5137
x0(2) 1.6448 1.6448 1.6772 1.6756 1.6708
X1(2) -0.8907 -0.8907 -0.7519 -0.7543 -0.7852
x2(2) -0.6808 -0.6808 -0.7276 -0.7201 -0.7070
x3(2) -1.0722 -1.0722 -1.4595 -1.4501 -1.1446
x4(2) -0.8213 -0.8513 -1.3563 -1.3499 -0.9110
x0(3) 1.4917 1.4917 1.5082 1.5069 1.4960
x1(3) -0.8295 -0.8295 -0.7567 -0.7573 -0.8161
x2(3) -0.6372 -0.6372 -0.7307 -0.7513 -0.7763
x3(3) -0.8318 -0.8318 -1.1289 -1.1301 -1.1305
x4(3) -0.6640 -0.6640 -1.0692 -1.0786 -1.0994
xo(4) 1.3531 1.3531 1.3559 1.3522 1.3336
x1(4) -0.7659 -0.7659 -0.7399 -0.7301 -0.8379
Xo(4) -0.5913 -0.5913 -0.7150 -0.7936 -0.8188
x3(4) -0.6141 -0.6141 -0.8301 -0.8591 -0.8744
x4(4) -0.4945 -0.4945 -0.7899 -0.8592 -0.9340
xo(5) 1.2280 1.2280 1.2192 1.2000 1.1870
x1(5) -0.7010 -0.7010 -0.5489 -0.6091 -0.8302
x2(5) -0.5440 -0.5440 -0.6844 -0.7316 -0.8316
x3(5) -0.4174 -0.4174 -0.5699 -0.5751 -0.5806
x4(5) -0.3412 -0.3412 -0.5474 -0.5999 -0.6309
x0(6) 1.1152 1.1152 1.0971 1.0615 1.0565
x1(6) -0.6352 -0.6352 -0.6579 -0.6972 -0.7930
X>(6) -0.4960 -0.4960 -0.6421 -0.7652 -0.8150
x3(6) -0.2398 -0.2398 -0.3198 -0.3221 -0.3025
x4(6) -0.2028 -0.2028 -0.3294 -0.3461 -0.3613
x0(7) 1.0137 1.0137 0.9885 0.9771 0.9417
x1(7) -0.5709 -0.5709 -0.6008 -0.6823 -0.7314
x2(7) -0.4480 -0.4480 -0.5908 -0.6604 -0.7713
x3(7) -0.0801 -0.0801 -0.1044 -0.1049 -0.0518
x4(7) -0.0782 -0.0782 -0.1349 -0.1348 -0.1154
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x0(8) 0.9225 0.9225 0.8925 0.8791 0.8419
x1(8) -0.5071 -0.5071 -0.5356 -0.5704 -0.6511
x2(8) -0.4005 -0.4005 -0.5330 -0.6192 -0.7051
x3(8) 0.0637 0.0637 0.0872 0.1099 0.1689
x4(8) 0.0340 0.0340 0.0391 0.0500 0.1024
x0(9) 0.8407 0.8407 0.8017 0.7811 0.7563
x109) -0.4449 -0.4449 -0.4645 -0.4901 -0.5571
x209) -0.3540 -0.3540 -0.4708 -0.5169 -0.6217
x3(9) 0.1927 0.1927 0.2568 0.3001 0.3605
x4(9) 0.1346 0.1346 0.1933 0.2365 0.2922
x0(10) 0.7674 0.7674 0.7283 0.7099 0.6838
x1(10) -0.3847 -0.3847 -0.3909 -0.4096 -0.4541
x2(10) -0.3087 -0.3087 -0.4049 -0.4996 -0.5259
x3(10) 0.2249 0.2249 0.3321 0.4309 0.5245
x4(10) 0.2249 0.2249 0.3368 0.4176 0.4554

Table 1: Comparison of various series solutions with the exact solution
4. Conclusions

The dynamics of many continuous-time and discrete-time systems is described by high order differential
equations. The solution of these high order stiff systems poses a problem and requires special numerical
methods. SPM solves these problems by removing system’s stiffness and reducing the order of the
system. SPM in discrete control systems is being developed and its applications are not thoroughly
explored. In order to fill this gap, here a fifth-order discrete power system model with three time scales is
considered. It is modeled as a two parameter singularly perturbed system. Then an IVP is studied using
the SPM for two parameters. These systems possess three widely different clusters of eigenvalues giving
rise to one group of slow mode, and two groups of fast and faster modes. The suppression of the two
small parameters affects the corresponding two sets of initial conditions, besides causing the degenerate
subsystem to be of reduced order. A SPM has been presented where the approximation solution has been
obtained in terms of the outer solution and the two BLC solutions corresponding to the two small
parameters. The BLC solutions, obtained from the transformed systems, are meant mainly for the
recovery of those initial conditions that are lost in the process of degeneration. SPM extended up to
second-order approximation. In most of the papers on SPM the results are shown up to first-order
approximation only. Here we have presented the results up to second-order approximation giving more
justification to the proposed method. As the order of approximation increases, the mean square error
between the exact and approximate solutions decreases.

It appears that the SPM is daunting due to the BLC equations. But it is not so as the corrections used in
the SPM are to be calculated for only a limited number of values of k depending on the order of
approximation. Also some functions of TSS may have trivial solutions as demanded by the selection of
boundary conditions. Next we apply SPM to boundary value and optimal control problems which are of
practically important and difficult compared to IVP.
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