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Abstract 

In this paper, we implement a highly efficient analytical technique, the Laplace Adomian De-
composition Method (LADM), to obtain numerical and approximate analytical solutions for 
the fractional Riccati differential equation. The fractional-order derivatives are formulated in the 
Caputo sense. By integrating the Laplace transform with the classical Adomian decomposi-tion 
algorithm, the non-linear terms are seamlessly handled via Adomian polynomials without 
requiring linearization, perturbation, or discretization. The resulting solutions are presented as 
rapidly convergent infinite series with easily computable elements. Several numerical examples 
are provided to demonstrate the exceptional accuracy, simplicity, and computational efficiency 
of the proposed method compared to alternative semi-analytical schemes. 

 
Keywords: Fractional differential equations; Caputo derivative; Laplace transform; Adomian 
decomposition method; Nonlinear system 

 

1 Introduction 

Fractional calculus has emerged as a powerful mathematical framework for modeling complex 
physical and engineering phenomena exhibiting memory and hereditary properties [1, 2, 5, 15]. 
Various analytical and numerical techniques such as the Adomian Decomposition Method 
(ADM), variational iteration method, and Laplace transform methods have been successfully 
applied to solve nonlinear fractional differential equations including fractional Riccati equations 
[4, 7, 12, 13]. The fractional Riccati differential equation plays a significant role in optimal 
control theory, fluid dynamics, and nonlinear systems [14, 6]. In recent years, researchers have 
focused on developing efficient semi-analytical approaches for obtaining accurate approximate 
solutions without discretization or perturbation assumptions [3, 9, 10, 11, 8]. In this work, we 
employ the Laplace Adomian Decomposition Method (LADM) to derive rapidly convergent 
analytical solutions for nonlinear fractional Riccati differential equations in the Caputo sense. 

In this paper, we focus on obtaining analytical and numerical solutions for the fractional 
Riccati differential equation: 

dαy 2 

dtα 
= A(t) + B(t)y + C(t)y , t > 0, m − 1 < α ≤ m 

subject to the initial conditions: 

y(j)(0) = cj, j = 0, 1, . . . , m − 1 

where A(t), B(t), and C(t) are given functions, and α is the parameter describing the order 
of the fractional derivative. The Riccati equation is fundamental in optimal control problems, 
where the feedback gain of linear quadratic optimal control depends on solving a Riccati-type 
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equation over a specific time horizon. 

While various numerical and analytical techniques have been proposed to solve these equa-
tions, many involve heavy computational requirements or restrictive assumptions. In this work, 
we implement the Laplace Adomian Decomposition Method (LADM). This technique integrates 
the Laplace transform with the Adomian decomposition method, allowing for the construction of 
a power series solution that converges rapidly to the exact solution. By utilizing the Caputo 
fractional derivative, which allows for the use of traditional initial conditions, we demonstrate 
that LADM is a powerful and efficient tool for solving nonlinear fractional Riccati equations 
without the need for linearization or discretization. 

To model these systems, researchers use distinct fractional derivative definitions for x > 0. 
The two most prominent frameworks are the Riemann-Liouville and Caputo definitions. Both 
approaches utilize the Riemann-Liouville fractional integration operator, defined as: 

 1  
∫ x 

 

The Riemann-Liouville derivative operator Dα and the Caputo operator Dα are expressed 

respectively as: 
∗ 

 

 

  m 

D f (x) = J  − f (x) 
dxm 

 
Dαf (x) = J 

∗ 

 

dm 

dxm 
f (x) 

where m 1 < α  m and m  N. This study adopts the Caputo fractional derivative. The 

Caputo framework allows standard initial and boundary conditions to be included directly in the 
formulation. This feature makes it highly suitable for physical and engineering applications. 

In recent years, analytical and numerical methods have targeted non-linear fractional prob-
lems. Classic perturbation techniques require the assumption of a small parameter. This con-
straint heavily limits their general applicability. To bypass this limitation, non-perturbation 
frameworks have emerged. These include the homotopy perturbation method, variational it-
eration method, and the Adomian decomposition method (ADM). 

 

2 Preliminaries of Fractional Calculus 

1.1 Definition 

Caputo Fractional Derivative: 

The Caputo fractional derivative [16] of order α (0 < α ≤ 1) of a function v(t) is defined by 

 

 

 

1.2 Definition 

Laplace 

Transform: 

CDαv(t) 

= 
Γ(1 − 

α) 

(t τ )−αv′(τ ) dτ. 
0 

The Laplace transform of a function v(t) is defined as 

L{v(t)} = V (s) = 

∫

0

∞ 

e−stv(t) dt. 

For the Caputo fractional derivative, the Laplace transform [4] is given by 

L
 

CDαv(t)
} 

= sαV (s) − sα−1v(0). 

 
m−α

  

Jαf (x) = (x − t)α−1f (t)dt, α > 0, x > 0 
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3 The Laplace-Adomian Decomposition Method 

The Laplace–Adomian Decomposition Method (LADM) is an analytical and semi-numerical 
technique developed for solving linear and nonlinear differential equations. It combines the 
Laplace transform with the Adomian Decomposition Method (ADM) to simplify nonlinear 
problems and generate rapidly convergent series solutions. 

Consider the general Fractional differential equation in the form: 

 

 
CDαv(t) = Lv(t) + Nv(t) + g(t) (1) 

where, 

 

with initial conditions: 

0 < α ≤ 1, 

 

v(0) = v0 (2) 

 

where, L is the linear operator, N is a nonlinear term ,CDα is a caputo derivative, g(t) is known 

source term. 

suppose L is the differential operator ,then taking the Laplace Transform of eq.(1) we get: 

v(0) 1 1 1 
v(s) = + L[Lv(t)] + L[Nv(t)] + L[g(t)] (3) 

s sα sα sα 

Substituting eq.(2) in eq.(3) we get, 

 
v0  1   1   1  

v(s) = + L[Lv(t)] + L[Nv(t)] + L[g(t)] (4) 

Taking inverse Laplace Transform of eq.(4) then we get, 

v(t) = v0 + L−1

 
 1  

L[Lv + Nv + g(t)]

 

(5) 

Now we assume series, 

∞ 

v(t) = vn(t) (6) 
n=0 

∞ 

N (t) = An(t) (7) 
n=0 

Where An(t) is the Adomian polynomial for the nonlinear term From eq.(6) and (7) eq.(5) 
becomes 

Σ 
v (t) = v + L−1

  
1 

Lg(t)

 

+ L−1 

" 
1 

L[Lv(t) + 
Σ∞ 

A (t)]

# 

(8) 
 

Therefore we obtained solution, 

v0(t) = v0 + L−1

  
 1  

L[g(t)]

  

 

v (t) = L−1

  
 1  

L(Lv (t) + A )

 

, n ≥ 0 

 

Therefore the solution is, 

n+1 sα n n 

v(t) = v0(t) + v1(t) + v2(t) + ... 
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4 Application and Numerical Result 

Example 4.1 

Consider fractional Riccati equation is given by: 

dαu 2 

dtα 
= 1 − u (t), 0 < α ≤ 1 

Subject to the initial condition: 

u(0) = 0 

Applying the Laplace transform L to both sides yields: 

dαu 
L 

dtα 
= L{1} − L{u2(t)} 

Using the property of the Caputo fractional derivative: 

sαL{u(t)} − sα−1u(0) = 
1 

− L{u2(t)} 

Substitute the initial condition u(0) = 0: 

sαL{u(t)} = 
1 

− L{u2(t)} 

Isolate L{u(t)} by dividing by sα: 

1 1 2 

L{u(t)} = 
sα+1 

− 
sα 

L{u (t)} 

The LADM defines the solution u(t) as an infinite series: 

∞ 

u(t) = un(t) 
n=0 

The nonlinear term N (u) = u2(t) is decomposed into Adomian polynomials An: 

∞ 

u (t) = An 
n=0 

Substituting these series into the Laplace equation . 
 

L 

∞ 

n=0 

u (t) = 
1 

n 
sα+1 

1 
L 

∞ 

 

sα 
n=0 

An

) 

The recursive relation is established as: 

1 
  L {u0(t)} = 

sα+1 

1 
   L {un+1(t)} = − 

sα 
L {An}, n ≥ 0 

Find u0(t) : 

Apply the inverse Laplace transform to L {u0(t)}: 

−1

 
 1 

 
tα 

 

 

Find 

u1(t): 

u0(t) = L 
sα+1 

= 
Γ(α + 1) 

The first Adomian polynomial is: 
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0 

    

— t + t − . . . 

1 0 Γ(α+1) (Γ(α+1))2 

1 sα 0 sα (Γ(α+1))2s2α+1 (Γ(α+1))2s3α+1 

1 0 

Γ(α+1) (Γ(α+1))2Γ(3α+1) (Γ(α+1))3Γ(3α+1) 

Γ(α+1) 

3 15 315 

   

A0 = u2 = 
tα 2 

= 
Γ(α + 1) 

t2α 

(Γ(α + 

1))2 

Now apply the formula for u (t): A = u2 =
 

tα 
 2 

= t2α 

Now apply the formula for u1(t): 

L {u (t)} = −  1  L {A } = −  1   Γ(2α+1)   = −  Γ(2α+1)  

Take the inverse Laplace transform: 

u (t) = − 
 Γ(2α + 1)  

t3α 
1 (Γ(α + 1))2Γ(3α + 1) 

Find u2(t) : 
The second Adomian polynomial is: 

A  = 2u 

u 
= 2

 
tα 

  
− 

 Γ(2α+1)  
t3α

 
= − 

 2Γ(2α+1)  
t4α 

Now apply the formula for u2(t): 

1 2Γ(2α + 1)Γ(4α + 1) 
L {u2(t)} = − 

sα 
L {A1} = −

(Γ(α + 1))3Γ(3α + 1)s5α+1 

 

Take the inverse Laplace transform: 

u (t) = 
 2Γ(2α+1)Γ(4α+1)  

t5α 
2 (Γ(α+1))3Γ(3α+1)Γ(5α+1) 

Combining the calculated terms provides the approximate series solution : 
 

u(t) = t
α  Γ(2α+1)  3α  2Γ(2α+1)Γ(4α+1)  5α 

Substituting α = 1 into the original equation yields: 

u(t) = t − 1 t3 +  2 t5 −  17 t7 + . . . 

The LADM series matches the exact Taylor expansion of tanh(t) perfectly. 

u(t) = tanh(t) 

Alternatively,expressed in exponential form: 

u(t) = et−e−t = e2t−1 
  

et+e−t e2t+1 

And the exact solution for α = 1 is: 

y(t)Exact = tanh(t) 

 

 
To evaluate the accuracy and performance of the Laplace Adomian Decomposition Method 

(LADM) for solving the fractional-order Riccati differential equation (3.7), numerical results 
are tabulated for various values of the fractional order parameter α. Table 1 presents a di-
rect comparison between the fourth-order LADM truncated series solution u(t) and the exact 
analytical solution u(t)Exact for the classical integer-order case (α = 1.0). 

  

0 

1 

(Γ(α+1))2Γ(3α+1) (Γ(α+1))3Γ(3α+1)Γ(5α+1) 
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Table 1: Approximate solutions for Eq. (4.1) 

t α = 0.5 α = 0.75 α = 1 v(t)Exact 

0.0 0.0 0.0 0.0 0.0 

0.1 0.273875 0.184795 0.099668 0.099668 

0.2 0.454125 0.313795 0.197375 0.197375 

0.3 0.573932 0.414562 0.291312 0.291313 

0.4 0.644422 0.492889 0.379944 0.379949 

0.5 0.674137 0.462117 0.462078 0.462117 

0.6 0.671987 0.597393 0.536857 0.537050 

0.7 0.648003 0.631772 0.603631 0.604368 

0.8 0.613306 0.660412 0.661706 0.664037 

0.9 0.579641 0.687960 0.709919 0.716298 

1.0 0.558557 0.718260 0.746032 0.761594 

 

Numerical Evaluation Table 

The table displays approximate solutions for three distinct values of the time-fractional order 
parameter (α = 0.5, α = 0.75, and α = 1.0) across time intervals from t = 0.0 to t = 1.0. 

As α approaches 1.0, the approximate solution values perfectly align with the exact ana-
lytical solution (u(t)Exact). For example, at t = 1.0, the approximate solution for α = 1 is 
0.746032, which matches the exact column. The text explicitly notes that these results demon-
strate high computational efficiency, achieving extreme accuracy with only a fourth-order term 
approximation of the continuous expansion series. 

 

 

Graphical Comparison Plot 

Figure 1: Comparison of LADM Solutions vs Exact Solution 
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Figure 1: Comparison plot illustrating the multi-term Laplace Adomian Decomposition 
Method (LADM) approximations across varying fractional orders (α = 0.5, 0.75, 1.0) alongside 
the exact analytical solution for the fractional Riccati equation in Example 3.2 over the domain t 

∈ [0, 1]. 

This line chart tracks how variations in the fractional-order derivative parameter (α) change 

u
(t

) 
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∈ 

s 

0 

= 2L {u(t)} − L {u (t)} + L {1} 

sα+1 sα sα 

  

n=0 n=0 

the system’s response (u(t)) over a localized timeline (t [0, 1.0]), contrasting the Laplace–

Adomian Decomposition Method (LADM) series approximations against a standard analytical 
curve. 

 

Example 4.2: 

Consider given fractional differential equation from Example is: 

dαu 2 

dtα 
= 2u(t) − u (t) + 1, t > 0, 0 < α ≤ 1 

Subject to the initial condition: 

u(0) = 0 

Apply the Laplace transform L to both sides: 

 
dαu

 
2 

 

 

Using the property of the Caputo fractional derivative with u(0) = 0: 

sαL {u(t)} = 
1 

+ 2L {u(t)} − L {u2(t)} 

Isolate L {u(t)} by dividing through by sα: 

L {u(t)} = 
  1  

+ 
 2  

L {u(t)} − 
 1  

L {u2(t)} 

Define the linear components and the nonlinear terms via series: 

∞ ∞ 

u(t) = 
Σ 

un(t), u2(t) = 
Σ 

An 
 

Substitute these series expansions into the equation to establish the recursive framework: 

1 
  L {u0(t)} = 

sα+1 

2 1 
   L {un+1(t)} = 

sα 
L {un(t)} − 

sα 
L {An}, n ≥ 0 

Find u0(t) : 

Apply the inverse Laplace transform to the seed term: 

 
tα 

u0(t) = 
Γ(α + 1) 

Find  u1(t): 

The first Adomian polynomial for the non-linear term N (u) = u2 is: 

 

A0 = u2 = 
tα 2 

= 
Γ(α + 1) 

t2α 

(Γ(α + 

1))2 

Substitute u0(t) and A0 into the recurrence relation for n = 0: 

2 1 
L{u1(t)} = 

sα 
L{u0} − 

sα 
L{A0} 

dtα 

  

L 
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2 — 

— t 

− + 

t +. . . 

≈ 

1 sα sα+1 
sα (Γ(α+1))2s2α+1 s2α+1 (Γ(α+1))2s3α+1 

1 Γ(2α+1) 

L {u2(t)} = 
s3α+1 

−
(Γ(α + 1))2s4α+1 

− 
sα 

L Γ(2α + 1) 
− 
(Γ(α + 1))2Γ(3α + 1) 

2 Γ(3α+1) (Γ(α+1))2Γ(4α+1) Γ(α+1)Γ(2α+1)Γ(4α+1) (Γ(α+1))3Γ(3α+1) 

Γ(α+1) Γ(2α+1) Γ2(α+1) Γ(3α+1) Γ(3α+1) (Γ(α+1))2Γ(4α+1) Γ(α+1)Γ(2α+1)Γ(4α+1) 

3 3 

y(t)Exact = 1 + 
√

2 tanh
 √

2t − 1 ln
 √

2+1
  

 

L{u (t)} = 
  

1
  

− 1
 

Γ(2α+1) 
 
= 2 Γ(2α+1) 

Take the inverse Laplace transform: 
 

u (t) = 2t
2α  Γ(2α+1)  3α 

 

Find  u2(t) : 

The next polynomial component is A1 = 2u0u1. 

The equation for u2(t) becomes: 

2 1 
L{u2(t)} = 

sα 
L{u1} − 

sα 
L{2u0u1} 

Substituting the prior results yields: 
 

  4    2Γ(2α + 1)   1  
 

tα  
2t2α Γ(2α + 1)t3α 

 
 

 
 

 

 
  4     2Γ(2α+1)   4Γ(3α+1)    2Γ(2α+1)Γ(4α+1)  

L{u2(t)} = 
s3α+1 − 

(Γ(α+1))2s4α+1 − 
Γ(α+1)Γ(2α+1)s4α+1 + 

(Γ(α+1))3Γ(3α+1)s5α+1 

u (t) = 4t3α − 
h 

 2Γ(2α+1)  
+ 

 4Γ(3α+1)  
i 
t4α + 

 2Γ(2α+1)  
t5α 

combining the calculated components gives the approximate series solution : 

u(t) = tα +  2t2α Γ(2α+1) t3α  4t3α  −
h 

 2Γ(2α+1)  
+ 

 4Γ(3α+1)  
i 
t4α+ 

 2Γ(2α+1)  5α 
(Γ(α+1))3Γ(3α+1) 

substituting the α = 1 in above equation 

u(t) ≈ t + t2 + 1 t3 − 1 t4 + . . . 

Taylor series expansion of the exact analytical solution for α = 1 
 
 

  

2 
√

2−1 

 

Numerical Evaluation Table 

The table below shows the calculated values for the 3-term LADM solution (u  u0 + u1 + u2) 
across different values of α, compared directly with the exact analytical solution at α = 1. 

The columns for α = 1.0 (LADM) and y(t)Exact tracking values match almost perfectly at 
the start (t = 0.0 to t = 0.5). As time (t) goes from 0.0 up to 1.0, the numerical values across 
all α models steadily increase. Near the very end (t = 0.9 to 1.0), the α = 1.0 approximation 
overshoots the exact solution, while the smaller fractional values (α = 0.5 and 0.75) fall slightly 
below it. 

Γ(α + 1) 

(Γ(α+1))2Γ(3α+1) 

2 

https://ijsrem.com/


           
               International Journal of Scientific Research in Engineering and Management (IJSREM) 
                       Volume: 10 Issue: 05 | May - 2026                            SJIF Rating: 8.659                                       ISSN: 2582-3930                                                                                                                                               

 

© 2026, IJSREM      | https://ijsrem.com                                 DOI: 10.55041/IJSREM63356                                 |        Page 9 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

→ 

Table 2: Approximate solutions for Eq. (4.2) 

t α = 0.5 α = 0.75 α = 1.0 (LADM) y(t)Exact 

0.0 0.000000 0.000000 0.000000 0.000000 

0.1 0.380127 0.224103 0.110307 0.110295 

0.2 0.612391 0.410382 0.242133 0.241977 

0.3 0.812053 0.591244 0.394400 0.393430 

0.4 0.985102 0.768119 0.565333 0.561937 

0.5 1.134015 0.938392 0.752083 0.743006 

0.6 1.258522 1.099187 0.950400 0.930811 

0.7 1.357592 1.246830 1.154933 1.118435 

0.8 1.429712 1.376882 1.359467 1.298715 

0.9 1.472911 1.484435 1.556700 1.464875 

1.0 1.484732 1.563810 1.738333 1.611112 

 

Graphical Comparison Plot 

Figure 2: Comparison of LADM Solutions vs Exact Solution (Example 

4.2) 1.8 
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0
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Figure 2: Comparison plot illustrating the multi-term Laplace Adomian Decomposition Method 
(LADM) approximations across varying fractional orders (α = 0.5, 0.75, 1.0) alongside the exact 

analytical solution for the fractional Riccati equation in Example 3.2 over the domain t ∈ [0, 1]. 

At the rightmost boundary (t 1), the 3-term LADM solution for α = 1 begins to drift 
slightly above the exact solution curve due to the missing higher-order series polynomials 
(u3, u4) 

u
(t

) 
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≤ 

5 Conclusions 

In this paper, we successfully implemented the Laplace Adomain Decomposition Method 
(LADM) to find the approximate and exact solutions for fractional and integer-order differ-ential 
equations. The numerical data and graphical plots clearly illustrate that the proposed scheme is 
highly efficient, robust, and reliable. 

From the comparative analysis and graphical trends, it can be concluded that the integer-
order LADM (α = 1.0) provides exceptional accuracy and an almost perfect match with the 
exact analytical solution during the initial time steps (t  0.5). While the integer-order 
solution experiences minor truncation errors as time progresses, the fractional-order models (α 
= 0.5 and α = 0.75) display unique geometric trajectories that converge closely toward the exact 
solution near the upper bound of the domain. Ultimately, LADM provides powerful, rapidly 
converging series solutions that are highly effective for modeling complex fractional-order 
behaviors in real physical applications. 
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