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ABSTRACT 

Minimum spanning trees (MST's) play an important 

role in network optimization. Many algorithms have 

been designed and developed for computing efficient 

MST's of general graphs. However, it has become 

increasingly apparent with the need for very large 

sparse graphs in many applications. In this paper, a new 

edge reduction algorithm to build MST's for sparse 

graphs is proposed. Such graph properties make our 

approach provide more time complexities than its 

corresponding traditional counterparts to ensure high-

quality practical performances. We proceed to test with 

high intensity on multiple datasets to illustrate the 

performance improvements with regard to traditional 

techniques up to a 3-fold gain for Kruskal on sparse 

graphs. It is very promising in large-scale network 

design and optimization problems in 

telecommunication, transport, and bio-informatics. 

INTRODUCTION 

A. Definition of minimum spanning trees (MST) 

The MST is one of the most important concepts in 

computer science and graph theory. In an undirected 

weighted graph, it is the subset of edges which will 

eventually minimize the total weight of the edges in 

such a way that all vertices get connected in the 

absence of cycles. Many practical applications of MST 

include network design, clustering, and image 

processing. 

Key characteristics of MSTs: 

1.Connects all vertices 

2. No loops 

3. Minimum spanning weight 

4. Number of edges n-1 to connect n vertices in a 

graph 

B. Applications 

MSTs are fundamentally important in network design 

and optimization because they provide least cost 

connectivity with minimum possible cost. Some of the 

key applications are: 

1. Computer networks: Planning efficient routing 

topologies 

2. Telecommunications: Layout planning for cable or 

optical fibers 

3. Transportation: Optimizing road or railway 

networks. 

4. Water, gas, or electrical grid design 

5. Clustering: Grouping in data 

A. Short history of traditional MST algorithms 

There are three traditional algorithms for computing 

MSTs: 

Borůvka's algorithm (1926): 

 It grows forests from all vertices simultaneously.         

Merges forests using the cheapest outgoing edge. 

Time complexity: O(E log V). 

2. Prim's algorithm (1930): 

Grows a single tree from a starting vertex. 

Repeatedly adds the cheapest edge connecting the tree 

to an unvisited vertex. 
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Time complexity: O(E log V) with binary heap, O(E + 

V log V) with Fibonacci heap. 

3. Kruskal's algorithm (1956): 

Sorts all edges by weight. 

Iteratively adds the cheapest edge that doesn't create a 

cycle. 

Time complexity: O(E log E) or O(E log V). 

D. Motivation for developing new algorithms for 

sparse graphs 

Though the traditional MST algorithms perform quite 

well on general graphs, there is a lot of interest in 

developing specific algorithms for sparse graphs 

because: 

1.  Sparse graphs occur in most real-world 

applications. 

2.  Better time complexity can be achieved for sparse 

graphs. 

3.  Opportunities exist for improving the space 

complexity. 

4.  Algorithms should be designed to scale with large 

sparse datasets that are really enormous. 

 

E.  Thesis statement 

The proposed method for reducing an edge reduces 

to an entirely new problem, which analyzes it along 

with other existing algorithms in trying to find MSTs 

in graphs that are considered sparse in nature. In 

designing a much better algorithm in practice, it 

relies on practical performance for much fewer 

number of edges rather than max edges that possibly 

could present in the graph for an equal number of 

vertices. 

LITERATURE SURVEY 

A. Historical MST Algorithm Development 

MST algorithms have been found to date nearly a 

century ago, although a few contributors have been 

seen to contribute to this kind of algorithms: 

1. Year 1926: First known MST algorithm was found 

by Otakar Borůvka. 

2. Year 1930: Václav Jarník came up with what later 

comes to be known as Prim's algorithm. 

3. Year 1956: Joseph Kruskal published his algorithm 

for finding MST. 

4. Year 1957: Robert C. Prim has rediscovered and 

popularised Jarník's method. 

5. Year 1959: Edsger W. Dijkstra produced a version of 

Prim's algorithm. 

B. How Kruskal's works and its complexity analysis 

Because Kruskal's algorithm is efficient and simple, it 

is usually used. Below is a careful consideration of its 

complexity and step-by-step procedure: 

1. Algorithm: a. List all the edges in non-decreasing 

weight order. b. Initialize a disjoint-set data structure on 

all the vertices. c. Scan through the list of edges again: 

i. Add the edge to the MST and merge the sets if it 

connects two different sets. ii. If it does not, then it 

should not form a cycle. Repeat until n-1 edges (where 

n is number of vertices). 

2. Complexity Analysis: 

N Sort edges: O(E log E) 

ii. Operations on disjoint sets in: O(E α(V) using α 

represents the inverse Ackermann function. 

iii. The time complexity is O(E log E) or O(E log V) 

because E is at most V². 

iv. The space complexity is O(E + V). 

Performance considerations:  

 Very efficient for sparse graphs 

ii.  Potentially slower in dense graphs because of sorting 

iii. Parallelizable, at least the sorting step in particular 

  C. Recent Developments on Specialty MST 

Algorithms 

Conclusion 

Recent efforts have concentrated much on improving 

MST algorithms within specific graph classes and 

applied settings: 

1. Planar graphs:  

i. Linear-time algorithms using structural properties of 

planarity  
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ii. Example: Klein algorithm (2005) achieves n time 

complexity 

2. Euclidean graphs:  

i. Algorithms use geodesic properties  

ii. Example: Methods making use of Delaunay 

triangulation 

i. Algorithms for maintaining MSTs in graphs with 

changing edges 

ii. Example: Holm et al.'s fully-dynamic MST algorithm 

(2001) with O(log^4 n) amortized time per update 

4. Parallel and distributed algorithms: 

i. Techniques targeted to multicore or distributed 

systems 

ii. Example: Bader and Cong's parallel Borůvka 

algorithm (2005) 

5. Approximation algorithms: 

i. Fast algorithms that give approximately optimal 

MSTs 

ii. Example: Approximation MST algorithms in 

sublinear time complexity 

D. Challenges to optimize MST algorithms for sparse 

graphs 

There are quite a number of issues arising in the 

optimization of MST algorithms on sparse graphs: 

1. Time vs. Space Complexity 

i. Classical algorithms need much space in the 

representation of sparse graph. 

ii. Problem statement : Construct a class of algorithms 

such that their running time along with the time-space 

utilization depends on the size of edges. 

2. Reduce useless computations: 

i. Traditional algorithms must compare much more 

vertices in sparsity cases for redundancy comparison 

ii. Problem: Construct an algorithm such that there is no 

extra vertex comparison so that we can focus 

immediately on the relevant set of edges 

i. Graphs can be highly sparse, say, E ≈ V, or just 

moderately sparse, say, E ≈ V log V. 

ii. Problem: Algorithms should work well for many 

levels of sparsity. 

4. Exploiting structural properties: 

i. Sparse graphs have particular structural properties. 

ii. Problem: Design algorithms that exploit that property 

to compute MST much more quickly. 

5. Scaling to extremely large graphs: 

i. Sparse graphs could contain millions to billions of 

vertices in real life. 

ii. Problem: Algorithms and data structures should scale 

easily to support large datasets. 

THEORETICAL FRAMEWORK 

1A. Introduction to Graph Theory of MST 

1. Definitions: 

2.i. A graph G = (V, E) contains vertices (V) and edges 

(E). 

ii. Weight function w: E → R, where a real weight is 

assigned to every edge. 

iii. Spanning tree is a connected subgraph containing all 

the vertices in G and also is a tree. 

iv. A spanning tree with minimum overall edge weight 

is known as MST (minimum spanning tree). 

3. Important Theorems:  

i. Cut Property : The lightest edge of crossing a cut in a 

weighted graph belongs to all MSTs of the graph 

ii. Cycle Property: The heaviest edge that belongs to any 

cycle within the graph does not belongs to any MST. 

4. Relevant Concepts:  

i. Connected components. 

i. The density of the graph =|E| / (|V| * (|V| - 1) / 2 ). 

iii. Properties of trees: 

|M_E|= |V |  - 1 for a tree on any graph with it. 

B. Structures in sparse graphs 

Definition: A graph is considered to be sparse if| E |= 

O(|V|) or | E << | V |^( )^2. 

1.MST Structure in Sparse graphs. 

i. Long ways among vertices are more prominent in 

general. 

http://www.ijsrem.com/
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ii.Farmer often have some relatively small degree 

vertices. 

In really sparse graphs, there are likely to be relatively 

linear, chain-like, 

or path-like graphs as well. 

3. How many edges in a ball 

of radius r can exist? 

i. Lower number of edge choices as compared to the 

dense graphs. 

ii. Better chances of uniqueness of MST 

4. Consequences on algorithms: 

i. Chances of an edge removal time being earlier 

ii. Lesser search space for finding optimal edges 

C. Theorem: Edge exclusion principle for MSTs 

Theorem: e ∈ E is eliminable from the consideration of 

MST, and so is the case, if and only if there is a P 

connecting the ends of the graph G = (V, E) such that 

for any edge e, it satisfies the inequality w(e). > w(e) 

 Proof: 

1. Assume, for the sake of contradiction, that there is a 

path P from u to v in G, such that all edges on P have 

weights less than w(e) and the edge e = (u, v) is in the 

MST. 

2. Cycle C is formed by adding the edge e to T ∪ P. 

3. The MST cannot contain the heaviest edge in C 

because MSTs have a cycle characteristic. 

4. All edges in P are lighter than w(e), so e is the 

heaviest edge in C. 

5. This contradicts our assumption that e is in the MST. 

6. Thus, e can't be in the MST and may safely be 

excluded. 

Corollary: This idea can significantly reduce the 

number of edges that one has to consider for inclusion 

in the MST of sparse graphs. 

D. Complexity analysis considerations for sparse 

graphs 

1.Time Complexity: 

i. Try to express complexity in terms of both |V| and |E| 

ii. Choose algorithms whose complexity is O(|E| α(|V|)) 

or better, where α is a function that grows very slowly. 

2.Space Complexity: 

i. Avoid excessive use of space, preferably O(|E|) or 

O(|V|) 

ii. ii. Address the space vs. time trade-off 

3. Analysing Methods:  

i. Amortized analysis for disjoint sets and data structure 

manipulation 

ii. Probabilistic analysis in randomized algorithms 

iii. Parametric complexity analysis using treewidth and 

arboricity of the graph 

4. Behaviour for large Input Size:  

i. Consider when |V| → ∞ but a sparsity condition holds. 

ii. Consider varying regimes of sparsity (|E| = O(|V|), |E| 

= O(|V|log |V|)) 

5. Practical Considerations:  

i. Cache efficiency and memory access patterns. 

ii. Potential for parallelization or distribution 

Proposed Edge Reduction Algorithm 

Detailed description of the algorithm 

The proposed Edge Reduction Algorithm for finding 

Minimum Spanning Trees (MSTs) in sparse graphs 

removes edges that cannot be part of the MST 

effectively to maximize the process of building the 

MST. The algorithm works especially well when the 

number of edges significantly less than the maximum 

possible, that is, |E| << |V|^2, for sparse graphs. 

Key features of the algorithm: 

1. The first edge sorting is essentially the same as 

Kruskal's algorithm, where edges are initially sorted by 

weight 

2. Efficient removal of edges: This can be done based 

on the principle of edge exclusion, based on which 

edges that cannot belong to the MST can be easily 

identified and removed 

3.Incremental building of the MST: It utilizes a disjoint-

set data structure to efficiently build up the MST 

without cycles being introduced. 

http://www.ijsrem.com/
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4. Elastic processing: The algorithm alters its action 

course while building the MST due to a change in the 

state.  Pseudocode algorithm 

Sort all edges in non-decreasing order of weight. 

initialize disjoint-set data structure over all vertices.   

initialise empty MST and empty set of eliminated edges 

2. Main Loop 

For each of the sorted edges 

If the edge has not been ruled out: 

Determine whether it connects different components, 

using the disjoint-set. 

If so, add it to the MST and merge the components. 

Remove all higher-weight edges between the merged 

components. 

When |V| - 1 edges have been added to the MST 

Edge Elimination When an edge is to be added into the 

MST, all higher weight edges between the newly 

connected components need to be eliminated . 

The disjoint-set structure may be used efficiently in 

order to determine whether or not two vertices are 

contained within the same component. 

B. Theoretical time complexity analysis 

Let n = |V| and m = |E| 

1. Edge sorting: O(m log m) 

2. Using a comparison-based sorting algorithm like 

Heap Sort or Merge Sort. 

3. Disjoint-set operations: O(m α(n)) 

α(n) denotes the very slow-growing inverse Ackermann 

function. 

i. 

ii. This amounts to m find and union operations. 

5. Edge deletion: O(n^2) in the worst case 

i. In the worst case, we would need to check all vertices 

pairs. 

ii. On the other hand, of course on sparse graphs, this is 

going much faster in practice. 

So the worst-case time complexity is O(m log m + m 

α(n) + n^2). 

In the special case where a sparse graph satisfies m = 

O(n), 

Complexity then simplifies to O(n log n + n α(n) + n 

2)= O(n^2) 

Space complexity: 

• O(m) storing an edge list sorted, 

• O(n) to use a disjoint-set structure. 

•O(m) in the worst case for the set of eliminated edges. 

Total space complexity: O(m + n) 

 

C. Kruskal's algorithm vs Edge Reduction Algorithm 

for sparse graphs 

1. 

Similarities: 

i. Both algorithms begin by sorting edges 

ii. Both use a disjoint-set data structure for cycle 

detection. 

iii. Both build the MST by adding edges that connect 

different components. 

2. 

Key differences: 

i. Edge Reduction Algorithm actively eliminates edges 

that cannot be in the MST. 

ii. Edge Reduction may reduce fewer edges because of 

the elimination step 

iii. Edge Reduction will terminate sooner if it concludes 

that all remaining edges will be eliminated 

3. Theoretical comparison: 

i. Kruskal's: O(m log m) or O(m log n). 

ii. Edge Reduction: O(m log m + n^2), but should be 

much faster for very sparse graphs. 

4. Advantages in the expected run time for sparse 

graphs: 

i. Much fewer edges to look at after the preliminary sort 

ii. Will terminate in many cases even before all edges 

are considered 

iii.For big, sparse graphs edge elimination is cache-

friendly 

iv.Reduction of many edges makes performance better 

5.Possible Disadvantages are as follows: 

i.There is extra overhead from the edge elimination step 

ii.tA sparse graph may not find benefit 

iii.tWorst case of an algorithm can be even worse than 

Kruskal's, especially for certain structures in graph 

6.Performance Characteristics are follows 

i.For these cases Edge Reduction Algorithm is likely to 

have performance better than Kruskal's algorithm: 

a. Graph is very sparse: m ≈ n or m < n log n. 

ii. Edges can be removed much early in the algorithm. 

iii. The graph can be structured so that merges of 

components are very effective. 

 

D. Optimizations and implementation hints 

1. Lazy elimination 

i. Flag to mark an edge as eligible to be removed, but 

don't actually remove 

ii. Remove in main loop in the event that you identify a 

flagged edge 

2. Size-based elimination 

http://www.ijsrem.com/
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i. Eliminate more edges, for larger components to see 

maximum effect 

ii. Use a heap to best pick largest components to select 

for removal. 

3.Parallelizaton: 

Parallelize the input-dependent step of edge sorting. 

Explore parallel strategy for edge elimination to scale 

with multi-core systems. 

4.Memory-friendly implementation:  Enable in-

place sorting strategies to avoid excess memory usage. 

Implement compact representation of eliminated edges. 

5.Termination criteria:  Invent 

heuristics so that when observed there's high probability 

of remaining edges all being eliminated. Implement 

termination based on these heuristics. 

6.Adaptive methods: 

Toggle and alter the behaviour of algorithm during 

execution depending on its observed properties. 

Switch to the legacy algorithm if the drop rate does not 

cut it. 

 

Results and Discussion 

A. Comparative performance analysis: proposed 

algorithm vs. Kruskal's algorithm 

To visualize the comparative performance of the 

Edge Reduction Algorithm and Kruskal's algorithm 

across different graph densities, we present the 

following time complexity comparison: 

Figure 1: Time Complexity Comparison of Edge 

Reduction Algorithm vs. Kruskal's Algorithm 

 

 

 

 

 

 

 

1. Dense graph cases 

For dense graphs (m ≈ n^2 / 2), we observed the 

following: 

i.\\t Running Time: The proposed Edge Reduction 

Algorithm was as efficient as Kruskal's algorithm with 

no edge apparent. 

ii.\\tii. Memory Usage: Both algorithms had the same 

memory usage. 

iii.\\tiii. The number of edges checked was fewer by the 

algorithm proposed above, not substantially 

 

Table 1: Average running time (in milliseconds) for 

dense graphs 

Graph Size (n) Edge Reduction Kruskal's Speedup 

1,000 15.2 14.8 0.97x 

10,000 2,450.6 2,389.3 0.97x 

100,000 512,345.8 498,765.2 0.97x 

 

2. Sparse graph experiments 

For sparse graphs (m ≈ n log n), we obtained: 

i. Running Time: The Edge Reduction Algorithm was 

faster than Kruskal's algorithm, and the gap increased 

for larger graphs. 

ii. Memory Usage: The new algorithm used slightly less 

memory because of edge elimination. 

iii. Edge Examinations: Much fewer edge examinations 

were needed, and this was the source of the speedup. 

Figure 2: Running time comparison for 

 

 

 

 

 

 

 

 

 

 

1. Very sparse graph scenarios (m < 2(n-1)) 

For very sparse graphs, the proposed algorithm 

showed its most significant advantages: 

i.      Execution Time: Substantial speedup 

compared to Kruskal's algorithm, often 2-3x 

faster. 

ii. Memory Usage: Noticeably lower memory 

consumption due to aggressive edge 

elimination. 

iii. Edge Examinations: Dramatically reduced 

number of edge examinations, often less than 

50% of Kruskal's algorithm. 

 

Table 2: Performance metrics for very sparse graphs 

(m ≈ 1.5n) 

 

Metric 
Edge 

Reduction 
Kruskal's Improvement 

Execution 

Time (ms) 
45.2 132.7 193% 

http://www.ijsrem.com/
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Memory 

Usage (MB) 
24.5 37.8 54% 

Edges 

Examined 
128,763 345,982 168% 

 

B. Analysis of edge reduction operations vs. edge 

addition operations 

 

The number of times an edge addition operation can be 

performed compared to that of an edge reduction 

operation would determine the efficiency of the 

proposed algorithm. 

i. Average number of edges removed without 

verification by 62% for sparse graphs. 

ii.Time Distribution: Edge reduction operations 

consumed around 15% of the running time but saved an 

estimated 40% time on edge examination. 

iii.Break-even Point: The approach for edge reduction 

of the algorithm was successful since it eliminated more 

than 25% edges. 

Figure 3: Time distribution of algorithm operations 

 

 

 

 

 

 

 

 

 

 

C. Discussion of algorithm efficiency for different 

graph densities 

The performance of the Edge Reduction Algorithm 

varied significantly across different graph densities: 

1. Very Sparse Graphs (m < 2n): Exceptional 

performance, with up to 3x speedup over 

Kruskal's algorithm. 

2. Sparse Graphs (2n ≤ m < n log n): Consistent 

advantage, with 1.5x-2x speedup. 

3. Moderately Sparse Graphs (n log n ≤ m < 

0.1n^2): Moderate improvement, with 1.1x-

1.5x speedup. 

4. Dense Graphs (m ≥ 0.1n^2): Comparable 

performance to Kruskal's algorithm, no 

significant advantage. 

The algorithm's efficiency correlated strongly with the 

graph's sparsity, as illustrated in Figure 3. 

 

 

 

 

 

 

 

 

Figure 4: Algorithm speedup vs. graph density 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D. Limitations of the proposed approach 

Despite its advantages, the Edge Reduction 

Algorithm has some limitations: 

1. Overhead for Dense Graphs: The edge 

reduction step introduces overhead that doesn't 

pay off for dense graphs. 

2. Memory Spikes: Temporary memory usage can 

spike during the edge reduction phase. 

3. Sensitivity to Weight Distribution: Performance 

can degrade for graphs with many edges of 

equal or very similar weights. 

4. Parallelization Challenges: The sequential 

nature of edge elimination can make 

parallelization more difficult compared to 

Kruskal's algorithm. 

These results demonstrate that the proposed Edge 

Reduction Algorithm offers significant performance 

improvements for sparse and very sparse graphs, while 

maintaining comparable performance to Kruskal's 

algorithm for denser graphs. The algorithm's efficiency 

in eliminating unnecessary edges makes it particularly 

well-suited for large, sparse graph scenarios commonly 

encountered in real-world network optimization 

problems 

 

Potential Applications 

 

A. Network design optimization 

 

1. Telecommunications infrastructure planning 

i. Optimize fiber optic cable layout for lower cost. 

ii. Design 5G network towers. 
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2. Utility grid design 

i. Optimize the electrical power distribution network. 

ii. Plan water supply network. 

 

 

B. Transportation and logistics 

 

1. Road network planning 

i. Minimize the construction cost to connect cities. 

ii. Optimize public transport routes. 

2. Supply chain optimization 

i. Warehouse location planning. 

ii. Delivery route optimization. 

 

C. Communication systems 

 

1. Computer network topology design 

i. Minimize latency in data center networks. 

ii. Optimize peer-to-peer network connections 

2. Satellite communication systems 

i. Determining the best satellite constellation design. 

 

D. Other related applications 

 

1. Bioinformatics 

i. Protein-protein interaction network analysis 

ii. Phylogenetic tree building 

2. Social network analysis 

i. Community detection in huge social graphs 

ii. Influence propagation modeling 

3. Circuit design 

i. Minimum wire length problems in VLSI circuit 

design 

4. Image processing 

i. Image segmentation with graph-based method 

The Edge Reduction Algorithm is very effective in 

dealing with big, sparse networks, so it is particularly a 

good candidate for these application domains where the 

underlying social networks tend to be sparsely 

connected. 

 

Future Work 

 

A. Possible improvements to the proposed algorithm 

1.Advanced edge elimination heuristics 

i. Deeper criteria to choose the eliminable edges. 

ii. Machine learning method to predict the edges to be 

eliminated. 

2.Support for dynamic graphs 

i. Extending the algorithm to incremental update of the 

graph. 

ii. Methods to maintain the MST with efficient 

addition or removal of edges. 

B. Hybrid Approaches 

1.Combination with other algorithms of MST 

i. Hybrid Algorithm: Code an algorithm that adapts 

Edge Reduction with Kruskal's/Prim's based on graph 

characteristics 

ii. Feasibility Analysis of using Edge Reduction as a 

preprocessing step of any other algorithm 

2. Combining with Approximations 

i. Determine applicable areas of Edge Reduction on ε-

approximation of MST algorithms 

ii. Implement trade-offs on between solution quality 

and the computing time 

C. Opportunities for Parallelization 

1. Shared-memory Parallelism 

i. Coding the parallel edge sorting phase with the edge 

elimination. 

ii. Explore lock-free data structures for concurrent 

update support 

2. Distributed-computation approaches 

i. Develop a distributed algorithm to deal with ultra-

large graphs. 

ii. Analyze methods to reduce communication 

overhead in distributed implementations. 

Application-specific variations 

1. Domain-specific heuristics 

i. Develop application-specific variants of the 

algorithm (e.g., VLSI design, network routing). 

ii. Incorporate domain knowledge to improve the 

efficiency of edge elimination. 

2. Multi-objective optimization 

i. Modify the algorithm to handle multiple edge 

weights or constraints. 

ii. Investigate applications in multi-criteria decision 

making. 

CONCLUSION 

A. Summary of results 

i. The Edge reduction algorithm performs much better 

in sparse and very sparse scenarios than Kruskal with 

speedup up to 3x in the extremely sparse cases. 

ii. The main reason why such an algorithm is efficient 

in practice is that it makes it possible to remove as large 

a proportion of edges, up to 62 percent in the case of 

very sparse graphs, without going through examination. 

http://www.ijsrem.com/
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iii. This algorithm is more effective where m < n log n, 

so it is quite useful for sparse network optimization 

problems at a large scale. 

B. Importance of the proposed algorithm for sparse 

graphs 

i. A new approach to MST computation specially 

devised to accommodate the features of sparse graphs. 

ii. It provides an application tool for dealing with large-

scale networks in which existing algorithms are unable 

to perform properly. 

iii. Possibility of improvement of the algorithmic 

approach to the classical problems in graph theory by 

specialized methods. 

C. Wider Implications to MST Research and 

Applications 

•Highlights the importance of the structure and density 

of the graph in the design of algorithms. 

•Opens new avenues of research in optimizing graph 

algorithms, especially in sparse graphs. 

•Has potential impact on many fields from network 

design and logistics to bioinformatics and social 

network analysis. 

• Encourages a rebirth of focus on development of graph 

algorithms that adapt according to specific graph 

properties and are not one-size-fits-all solutions. 
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