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Abstract

The study of Diophantine tuples forms an important area in number theory due to their rich algebraic
structure and connections with quadratic Diophantine equations. A set of positive integers {a;, a,, ... ... , Ay} 18 said to
have the property D(n) if the product of any two distinct elements increased by a fixed integer n is a perfect square. In
this paper, certain preliminary results concerning Diophantine D (n)-triples are investigated.

Necessary and sufficient conditions for the existence of Diophantine triples are discussed to both
positive and negative values of n. A polynomial family of Diophantine D (1)-triples of the form {k, k+2, 4k+4} is
established and verified algebraically. In addition, some exceptional D (n)-triples obtained through computational
observations are analyzed to demonstrate the existence of non-standard Diophantine configurations.

This paper also highlights the role of elementary algebraic techniques and computational verification
in generating and studying Diophantine triples. These preliminary observations provide a foundation for further
investigations involving extensions to quadruples, Pell-type equations, recurrence relations, and computational
approaches in Diophantine number theory.

Introduction

The study of Diophantine equations occupies an important position in number theory and has attracted
mathematicians for centuries due to its rich algebraic structure and challenging problems. Among the various topics in
this area, Diophantine tuples have received considerable attention because of their interesting arithmetic properties and
connections with Pell equations, recurrence relations, and algebraic number theory. A Diophantine mmm-tuple is a set
of m positive integers such that the product of any two distinct elements increased by a fixed integer becomes a perfect
square.

The origin of Diophantine tuples can be traced back to the Greek mathematician Diophantus of
Alexandria, who discovered a set of four rational numbers possessing this property. Later, Pierre de Fermat obtained
the first integral Diophantine quadruple {1, 3, 8, 120} for which the product of any two elements increased by one is
a perfect square. Subsequently, Leonhard Euler extended Fermat’s work and established several important results
concerning Diophantine quadruples and rational extensions. These contributions initiated extensive research on
Diophantine tuples and their generalizations.

In general, a set of positive integers {aq, a, ... ... ,Qm} 1s called a Diophantine m-tuple with the
property D (n) if a;a; + n is a perfect square for all distinct integers i # j where n is a fixed integer. Such sets are called
Diophantine D (n)-tuples. In particular, when n=1, the set is simply called a Diophantine tuple.

The investigation of Diophantine D (n)-tuples has led to several important developments involving
simultaneous Pell equations, polynomial constructions, recurrence relations, and computational methods. In recent
years, computational approaches have become increasingly useful for generating new examples, verifying Diophantine
properties, and studying exceptional cases that do not belong to standard polynomial families.
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This paper focuses on preliminary observations concerning Diophantine D (n)-triples. Some triples satisfying
the D (n)-property are examined, and their algebraic structure is analysed through elementary methods. The study
provides a foundational framework for further computational investigations on Diophantine tuples and their extensions.

Basic Properties of Diophantine D (n)-Triples
A Diophantine triple with the property D (n) is a set of three positive integers {a, b, c} such that the product

of any two distinct elements increased by a fixed integer n becomes a perfect square. Thus, there exist integers a, 3, y
satisfying

ab+n=0a?

— R2
ac +n =,
bc +n =y~

In number theory the study of such triples forms an important branch due to their strong connections with Pell
equations, quadratic forms, recurrence relations, and algebraic structures.

1. Symmetry Property
The D (n)-property is symmetric in nature. If {a, b, ¢} is a Diophantine triple with property D (n), then
any permutation of the elements also possesses the same property. Hence, {a, b, c}, {b, ¢, a}, {c, a, b} all represent the
same Diophantine triple.

2. Square Condition

For a Diophantine triple {a,b,c}, each pairwise product increased by n must be a perfect square.

ab+n=a?
ac +n =2
bc +n =y~

This condition forms the fundamental criterion for determining whether a given set is a D(n)-triple.

3. Dependence on n

The same triple may satisfy the D (n)-property for different values of n. Thus, the integer n plays a crucial
role in determining the structure of the triple.

4. Existence of Negative Values of n

The integer n need not always be positive. Certain Diophantine triples satisfy the property D (n) for
negative values of n. Thus, the Diophantine triples exist for both positive and negative values of n.

5. Relation with Perfect Squares

From the relations

© 2026, IJSREM | https://ijsrem.com | Page 2



https://ijsrem.com/

i 2
AN
@ff@ International Journal of Scientific Research in Engineering and Management (IJSREM)

w Volume: 10 Issue: 06 | Jun - 2026 SJIF Rating: 8.659 ISSN: 2582-3930
ab+n=0a?
ac +n=p?
bc +n=72

Thus, we can observe that Diophantine triples are closely related to representations involving perfect
squares. Hence, the study of Diophantine triples naturally leads to quadratic Diophantine equations and Pell-type
equations.

6. Extension property

Some Diophantine triples can be extended to Diophantine quadruples. If
ab+n=r% ac +n=s% bc+n=t then the triple (a, b, ¢) can often be extended by adjoining a fourth element d.

7. Polynomial families

Certain Diophantine triples may occur in polynomial families. Thus, there exist infinitely many
Diophantine triples.

8. Computational Nature

The findings of Diophantine triples often involves extensive computations, specifically for large
integers and non-standard values of n. Computational techniques and programming methods are therefore useful tools
to generate examples and verify the D(n)-property.

Necessary and sufficient conditions

If a + b + ¢ is even then {a, b, ¢} is a Diophantine triple with the property D (n) where
a= % (a+b—c)
B = %(c+a—b) and n:%(az+b2+cz-2ab72acf2bc)

Y= % (b+c—a)
How to construct some Diophantine D (n)-Triples

The construction of Diophantine triples with property D (n) is an important problem in number theory. In
this section, some classes of Diophantine D (n)-triples are constructed by using algebraic method. These constructions
demonstrate the existence of both regular and exceptional Diophantine triples based on different values of n.

Construction Using the D (n)-Property

A set of three positive integers {a, b, ¢} forms a Diophantine triple with property D (n) if ab +n, ac + n, bc
+ n are all perfect squares. Suppose ab +n = a?, ac + n = B, bc + n = y? for some integers a, B, y. Then the triple {a, b,
c} becomes a Diophantine D (n)-triple.
One of the simplest constructions is obtained by considering triples of the form
(k, k+2, 4k+4), where k is a positive integer
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Polynomial Families of Diophantine D (1)-Triples

A polynomial family of Diophantine triples is a parametric representation that generates infinitely many
triples satisfying the D (1)-property.

Theorem
For every positive integer k, (k, k+2, 4k+4) forms a Diophantine triple with property D (1).
Proof
Leta=k,b=k+2,c=4k +4.
Then ab+1=k (k+2) + 1
=k2+2k +1
= (k+1)%
Similarly, ac+1=k (4k+4) + 1
=4Kk*+ 4k + 1
= (2k+1)?
and bc + 1 = (k+2)(4k+4)+1
=4k*+ 12k +9
= (2k+3)?
Hence ab+1, act1, bc +1are perfect squares. Therefore, (k, k+2, 4k+4) is a Diophantine triple with property D (1).
Theorem

For every positive integer k, (1, 2k*-2k, 2k*+2k) forms a Diophantine triple with property
D(1).

Proof
Now  1(2k?-2k) + 1 = 2k*- 2k + 1 which is a perfect square.
Also  1(2k*+ 2k) + 1 =2k>+ 2k + 1 which is also a perfect square.
and  (2K2-2K)(2K2+2K) + 1 = 4k4 — 42 + 1
= (2k? — 1)* which is a perfect square.

Hence, this family can generate several D (1) Diophantine triples.
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Theorem
For every positive integer k, (k—1, k+1, 4k) forms a Diophantine triple with property D (1).
Proof
Now (k—1)(k+1)+1=k?2-1+1=k?which is a perfect square.
Also (k—1) (4k) +1=4k> -4k + 1 = (2k — 1) > which is also a perfect square.
and (k+1)(4k)+1=4k>+4k + 1= 2k + 1) %, a perfect square.
Hence, (k—1, k+1, 4k) is a Diophantine D (1)-triple.
Theorem
For every positive integer k, (2k, 2k+2, 8k+4) is a Diophantine triple with property D (1).
Proof
Here (2k) 2k +2) + 1 =4k> + 4k + 1 = (2k + 1) %, a perfect square.

(2k) (8k +4) + 1 = 16k*> + 8k + 1 = (4k + 1) 2, a perfect square.

(2k +2) (8k + 4) + 1 = 16k* + 24k + 9 = (4k + 3) 2, a perfect square.
Hence this will also yield several D (1) Diophantine triples.
Theorem
For every positive integer k, (k *- 1, k*+ 1,4k?) produces Diophantine triples with D (1) property.
Proof
Here (k?—1) (k*+ 1) +1=k*— 1+ 1 =k* a perfect square.

(k*— 1)(4k?) + 1 = 4k* — 4k*> + 1 = (2k? — 1) > which is also a perfect square.

(k*+ 1) (4k?) + 1 =4k* + 4k> + 1 = (2k* + 1) ? which is also a perfect square.
Thus, (k ?- 1, k >+ 1,4k?) is a Diophantine triple with D (1) property.
Conclusion

In this paper, the fundamental properties of Diophantine triples with property D (n) have been investigated. The

necessary and sufficient conditions for the existence of a Diophantine D (n)-triple were discussed corresponding to
both positive and negative values of n.
A polynomial family of Diophantine D (1)-triples, namely (k, k+2, 4k+4), was established and verified. This family
provides infinitely many examples of Diophantine triples and illustrates the existence of regular algebraic patterns

within the theory of Diophantine tuples. In addition, certain exceptional D (n)-triples were examined, showing that not
all Diophantine triples arise from simple polynomial constructions.
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The results presented in this study emphasize the rich arithmetic structure of Diophantine D (n)-triples and their close
relationship with perfect squares and quadratic Diophantine equations. Future research may focus on computational
generation of new families with examples, extensions of triples to quadruples, and the study of connections with Pell-
type equations and other topics in number theory.
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