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Existence and Uniqueness of solutions for a Fuzzy Impulsive
Differential Equation with State DependentDelay
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Abstract

In this paper, we proved the existence and uniqueness of solutions for a fuzzy impulsive differential
equation with state dependent delay described by the form,

d
E[U(t) +G(t, ue)] = A(t)u(t) + F(t, uptuy), t € 1 = [0, a]

i=1,2,3,...,nand xo = ¢
Au(ti) = li(u(ti))

We used Contraction theorem to get the solution.

Keywords: Impulsive differential equations, Fixed point theorem, Neutral equations, Semigroups of
linear operators, Contraction principle, Fuzzy number, Uniqueness.
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1 Introduction

The variables and parameters in modelling real-life problems, have only vague, imprecise or incomplete
or experimental data, applications of various operating circumstances, or maintenance induced errors.
One can use the fuzzy environment to define the exact values regarding parameters, variables and
initial conditions,transforming general Differential equations into Fuzzy Differential equations to subdue
the insufficiency of precision. To describe the uncertainties fuzzy numbers are used as differential
coefficients. Fuzzy Differential Equations applications are linked to nonlinear modelling and control.
Chaotic analysis, quantum systems, and engineering issues, and in civil engineering, have all benefited
from research into FDE solutions.

A Differential equation with impulse effects is known as Impulsive differential equation [2].Differential
equations are widely used to represent many processes that have been studied in applied science
field. But the scenario is distinct in some physical events that have an abrupt change in their states
like biological systems, theoretical physics, mathematical economy, electric technology, radio physics,
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metallurgy, chemical technology, fluctuations in pendulum systems and death of population both due
to an impulsive effect and so on [1]. Researchers are often shown interest in Impulsive Differential
Equation like Usha V et al [12] and Sayooj et al [6, 9—11]. They have developed the concepts of
Impulsive Differential Equation to obtain the semilinear Functional equation’s stability result and also
for nonlocal random equations in 2021.

In this work, we have combined the concepts of fuzzy and Impulsive differential equation to solve
the problem under consideration.

For the below system, Bheeman Radhakrishnan et al [3] proved the existence of nonlinear fuzzy

solutions,
du(t) J e
=a(t)u(t)+ k(¢ s, u(s))ds + f(t, u(t)), t € [0, b] (1.1)
d(t) 0
u(0) + h(u) = uo, (1.2)
Au(tr) = lk(u(t)) (1.3)

obtained the result by the approach of Banach fixed point theorem. Mallika Arjunan et al. [5] established
the existence of solutions for impulsive neutral functional differential equations with state dependent
delay by using Larey Schauder Alternative fixed-point theorem. Osmo Kaleva [8] deals with fuzzy
set values mappings of a real variable whose values are in R He also studied differentiability and
integrability properties of such functions and gave an existence and uniqueness solution. Abdel-Rady
et al. [1] established the existence and uniqueness of solution for the first order impulsive differential
equation and show that these results can be applied to second order impulsive differential equation.
Also, provided examples to illustrate the main results. Anguraj et al. [4] studied the existence of
solutions for impulsive functional differential equation with state- dependent delay. Larey- Schauder
Alternative fixed-point theorem is used to establish this result. The purpose of this paper is to establish
the existence and uniqueness of solutions for a fuzzy impulsive differential equation with state dependent
delay described by the form,

dl(jt)[u(t) +G(t, u)] = A(t)u(t) + F(t, Up(ug) t € 1 = [0, a] (1.4)
Xo =1 (1.5)
Au(t)) = Ii{ug),i=1,2,...n (1.6)
Where
A:J — [Eln

is fuzzy coefficient, [Elx is the set of all fuzzy convex, upper semi-continuous, normal fuzzy numbers
with bounded a level intervals. Also, up(tu,) represents the State Dependent Delay, p: J XJ — [E]n, G :
J X [Eln — [Eln, F : J X [E]ln — [Elw, Au(ti) = li{us;) are nonlinear continuous functions.

From the works described above, the main aim of this paper is to use contraction theorem to establish
the existence and uniqueness solution for a fuzzy impulsive differential equation with state dependent

delay.
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2 Preliminaries

Consider set of all upper semi-continuous convex normal fuzzy numbers with bounded a- level internals
(6] [Eln. That is, if m € [E]n, the a—level set is given by

me={xEeR :mx)=a0<a=1} (2.1)
is a closed bounded interval which is denoted by

[m]e = [mg, mj] (2.2)

and there exists a to € R such that m(to) = 1. If um(x) = un(x) for all x € R, then the fuzzy numbers
m and n are said to be equa m = n. It follows that,

m=n < [m]®=[n]@ (2.3)

for all @ € (0, 1]. A fuzzy number m be decomposed into its level sets,

J1
m = a[m]e, (2.4)
0
where I is the union of [m]@ where a € (0,1].
Lemma 2.1[7]
If m,n € [E]ln, then fora € (0,1],i,j=q,r
[m+ n]e = M2+ n% m*+ma], (2.5)
q q r r
[m X n]® = [min{m2n2}, min{m*ma}], (2.6)
i J i
[m — n]e = [mM® — n% m* — m9] (2.7)
q q r r

Lemma 2.2

Let [m%, m2],0 < a < 1, [7] be a given family of nonempty intervals. Suppose
q r

[mf,mPl C Imeymi,VOo<a<8 (2.8)
q T q T
[[ im ma, lim me] =[m2 m2] (2.9)
k—>+o 9 ks+oo q r

when (ax) is a nondecreasing sequence converging to o €(0,1], then the family [m2 m<], for all

. q_ T
0 < a < 1, are the a-level sets of a fuzzy number m& Ey; conversely, if [m% m?], 0 < a < 1 are the
q r

a-level sets of a fuzzy number m € Ey then the conditions (2.8) and (2.9) hold true.

For a nonempty subset M contained in R” and x € R", the distance d(x,M) from x to M is given by

dx, M) = inf{llx — mll : m € m} (2.10)
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The Hausdroff separation for nonempty subsets M and N contained in R,
(2.11)

di; (M, N) = supd(n, M) :n €N

In general, d;{(M, N) £ d;J(N, M). The Hausdroff distance between nonempty subsets M and N of R™
(2.12)

is,
du(M, N) = max{d* (M, N), d* (N, M)}
H H

This is now symmetric in M and N. Consequently,

(i) de(M, N) = 0 with dg(M, N) = 0 if and only if M = N,

(”) dH(Ml N) = dH(N/ M)/ and

(iii) du(M, N) < du(M, p) + dulp, N),
for any nonempty subsets of M,N, and P of R". The Hausdroff distance (2.12) is a metric, the Hausdroff

metric. The supremum metric de on E" is defined by
(2.13)

doo(u1, u2) = sup{du([u1]? [u2]?) : @ € (O, 11},

for all uy, u2 € E" and is metric on En.
(2.14)

On C{J, En), the supremum metric Hjy is defined by
Hi(xy, x2) = sup{de(x1(t), x2(t)) : t € J}

3 Existence Results
There exist finite constants

We establish the result which satisfy a global Lipschitz condition.

6, Zr, {1 > 0 such that
du([G(s, us)]% [G(s, vs)]9) = {edul(lus]?, [vs]?)
4 dH([Up(s,us)]a; [Vp(s,us)]a)

Grdu([udl?, [ve]?)
= {pdu([us]?, [vs]?) (3.1)

dH ([F (s, Up(s,us))]a, [F(s, Vp(s,us))]a)
du([li(uct))]e, [iv(ti))]®)

du(lp(s, us]e, [p(s, vs)1?)

for all u, v € Ey.
Assume | be a real interval. Then, Fuzzy process is a mapping x : | — Enx denoted by
[x(t)]e = [x«(t), x4(t), t € ,0<a <1 (3.2)
q r
The derivative x (t) of a fuzzy process X,
’ a a’ a’
[x (0] =1[(xq) (t), (x:) (1), 0<a =1 (3.3)
The fuzzy integral fo(t)dt, a, b €/ is stated as
I a [ I
x(t)dt = xy(t)dt, x¢(t)dt (3.4)
a a a
given that on the right-hand side, Lebesgue integrals exist.
| Page 4
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3.1 Theorem

If M1 >0, F and G satisfy a global Lipschitz condition, then the fuzzy impulsive differential equation
with state dependent delay has only one solution, for every u € En.

Proof
For each u(t) € En, and t € J, we have

St
(Fou(t)) = T(t) [(0) + G(O, )] — G(t, u) — AT (t — s)G(s, us)ds+
) 0
t -
. T(t = S)F(s, u(psus))ds +  T(t — ti)li(ucts)), t € 1 (3.4)

Where T(t) is a fuzzy number and T(t)* = [T%(t), T%(t)] and |T¥(t)| < {r, for a constant {r > 0.
q r 1

du([Fo(u)(t)]1%, [Fo(v)(t)]?)

It It
=du T(t)[xo + G(O, Y)] — G(t, ur) —  AT(t — s)G(s, us)ds + T(t — S)F (s, Up(s,us))ds
=>. a 0 It 0
+ T(t — t)li{u) , T(t)xo+G(O, ¢) — G(t, ve) —  AT(t — s)G(s, vs)ds
(0<ti<t) 0

S t >n a
+ T(t — s)F(s, Vp(s,vs))ds + T(t — ti)li(ve) (3.5)
0 (O<ti<t)
a a
hS dH T(t)[XO + G(OI l«ll)] ’ T(t)[XO + G(O/ l«lj)] dH [G(t/ uf)]a/ [G(t/ Vt)]a
f t a f t a
du AT (t — s)G(s, us)ds AT (t — s)G(s, vs)ds
t a 0 f t a
+ C1H T(t - S)F(S, UP(s’us))ds ’ 0 T(t - S)F(S, Vp(s’vs))ds
0
= a > a
+dg T(t — t)lu) T(t — ti)li(uy)
(O<ti<t) (O<ti<t)
Applying equations (3.1) for the above equation we have
du([Fo(u)(t)]% [Fo(v)(t)]1%)

a a
= dH T(t)G(O/ L/J) ’ T(t)G(OI llj) - dH [G(t/ ut)]a/ [G(tl Vt)]a
f t a .f t a
—dy AT(t — s)G(s, us)ds AT (t — s)G(s, vs)ds
0 0
f t a f t a
+dy T(t — s)F(s, Up(sus))ds . T(t — S)F (s, Vp(s,vs))ds
0
= a = a
+du T(t — t)li(u) T(t — ti)li(ve)
(O<ti<t) (O<ti<t)

From the equations (3.2), (3.3) and (3.4), we have
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du([Fo(u)(t)]% [Fo(v)(t)]®)
< du Tg(t)GaéO, $), TGO, ), Tg(t)Ga(gO, ¢), T:(t)G“r(O, Y)

—du Ga(t/ Ut), Ga(t/ Vt) ’ Ga(t/ Vt)/ Ga(t/ Vt)
q r q r
¢
—dy ATe(t — s)GYs, us), AT(t — s)G%s, us) ,
O q q r r
ATa(t — s)G4(s, vs), ATt — s)G9(s, vs) ds ,
q q r r
It
+dy [Tg(t — s)F“(}s, Up(s,u S?)ds, Tar(t — s)F“(rs, Up(s,u )S)ds ,
0
It
0
From equation (2.12), we have du([Fo(u)(t)]% [Fo(v)(t)]?)

—max -TA0GX0, ¥) — TEGX0, w)-, TG0, ) — 7,906, 0, )

Tg(t — s)F"(‘](s, V(p(s,v g)ds, Taﬁt — s)Fa(rs, V(p(s,v )S)ds

—max -1GX(t u) — Gt vl TGAL 1) — G alt, vo))

:f t a a f t a a )
—max - , ATy (t —5)Gq (s, us)ds — o ATq (t —s)Gqy (s, vs)ds-
Jt Jt :
a a a a
o AT, (t — 5)G, (s, us)ds — o ATr (t — 5)Gy (s, vs)ds-,
) ! a a f t a a
+}nax “ o0 Ig (t —s)Fq (s, up(s,us})ds - o0 1q (t — S)Fr (s, Vp(s,ws))ds:
: ! a a t a a :
0 T, (t—s)F. (s, Up(s,us))ds - 0 T, (t — s)F (s, Vp(s,vs))ds)'.
. = a a - a a .
+max | Tq (t = ti)(/i)g (ue) - Tq (t = ti)(4i)q (ve)-,
. O<ti<t O<ti<t .
- a a > a a .
T, (t — t)(1)y (us) — T (t — ) () (Vi)
o<ti<t | O<ti<t .
= —max -’ - .
.Gaq(t/ Ut) - an(t/ Vt)./ 'Grqt/ Ut) - Grqt/ Vt)'
Je « a
—max - ATg(t—5) Ggl(s, us)ds — G4 (s, vs)ds -
. 0 .
S B B :

o AT, (t —s) G, (s, us)ds — G, (s, vs)ds
0t

a a a
+max - . Tq (t—s) Fq (s Upisua)ds — Fg (s, Vp(sps) ds -,
 f e a a a ;
0 T.(t—3s) F. (s Up(s,us))ds —F (s Vp(s,vs))dé
. > u a a a a a
+max- Ty (t = ti)(13)g (ue) — (1i)g (ve)-,, T (t = t)(li)y (ue) — () (Vi) -,
O<ti<t O<ti<t
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Further, we have
du([Fo(u)(t)]% [Fo(v)(t)]?)
: a a a a

= —max: Gq(t, u) — Gg(t, vi), G (t, ut) — G (t, ve) - |
; J_ t a a a
— Alr max - ATy (t —S) Gg(s, us)ds — Gg (s, vs)ds
I 0 :
o ATt _J' SZ G, us)ds — G,qs, vs)ds
a a

+ {r max -, 0 (Fq (s, Up(s,us))dS - Fq (s, Vp(s,vs))ds) ’

J- t a a .

Fr (s, Up(s,us))ds —F. (s V,o(s,vs))dS

> a a > a a
+{r max B (Ii)q (ue) - (Ii)q (ve) , (1) (ue) — (1) (ve) -,
O<ti<t O<ti<t
Hence by applying (3.1),
du  [Fo(u)(t)]“], [Fo(v)(t)]°]
It
= —{cdu([uadl® [vs]?) — Alric 0 du([us]e, [vs]*)ds
It
+ {r{r{pMi . du([us]?, [vsl®)ds + {r {idu(lus]?, [vs]9)
I
= ({r ¢t — Z)dullusls, [vs]9) + {r({r M1 — AlG) . du([us]e, [vs]9)ds
It

= Z1du([us]?, [vs]?) + 22 . du(lus]?, [vs]?)ds

Where 71 = ({r &1 — {6), 22 = ({r (M1 — AlG)
Therefore,

des(Fo(u)(t), Fo(v)(t))

= sup du([Fo(u)(2)]1% [Fo(v)(1)]%)

It
< sup Zidu([usls [vs]®) + 22 . du([us]e [vs]9)ds

teJ
St
= Z1 sup du([us]® [vs]@) + Z2 sup
teJ teJ 0

It
< Zidw([us]?, [vs]?) + Z2 . doo([us], [vs]®)ds

du([us]®, [vs]*)ds

Hence,

© 2023, [JSREM | www.ijsrem.com DOI: 10.55041/IJSREM24355 | Page 7


http://www.ijsrem.com/

Q‘gég’ ‘3%3

1z IISREM
%E‘ﬁ International Journal of Scientific Research in Engineering and Management (IJSREM)
A Volume: 07 Issue: 07 | July - 2023 SJIF Rating: 8.176 ISSN: 2582-3930

Hi(Fo(u)(t), Fo(v)(t))

sup de(Fo(u)(t), Fo(v)(t))
te J_
t
sup{Zidw([us]?, [vs]9) + Zo dowo([us]® [vs]?)ds}
teJ 0 |
t

= Zl Sup doo([Us]a, [Vs]a) + ZZ SUp dm([us]al [Vs]a)ds
te teJ 0

=< (Z1 + ZaM2)H1(us(t), vs(t))

Taking sufficiently small M2, (Z1 + Z2M32) < 1. This implies that, the function Fo is a contraction
mapping. According to contraction theorem, there exists only one solution for the considered system of
equations. i.e.,

There exists an unique fixed point u € C(J, En).

4 Conclusion

We have proved the existence and uniqueness solution of Fuzzy Impulsive Differential Equation with
State Dependent Delay. In future, it may serve as a prerequisite testimonial for scholars, researchers
and academicians in Engineering and Science who requires to model uncertain physical problems and
in real life Mathematical Modeling approach through fuzzy impulsive differential equation.
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