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1 Introduction:  

The concept of fuzzy set was introduced by Zadeh [27] in 1965, and the concept of fuzzy metric space was introduced 

by Kramosil and Michalek [15] in 1975 as a new way to represent vagueness in everyday life. Subsequently, it was 

developed by many authors and used in various fields. Pant [19,20,21] introduced the new concept of reciprocally 

continuous mapping and established common fixed point theorems. Balasubramaniam et al.[5] gives more results on a 

fuzzy metric space. Aage and Salunke [3] established some results on the fixed point theorem in a fuzzy metric space. 

The purpose of this paper is to find some common fixed point theorems for occasionally weakly compatible mappings 

in fuzzy metric spaces. Singh and Jain [28] proved a fixed point theorem for self-mapping in a fuzzy metric space.  

2 Preliminaries: 

We recall some definitions and known results in fuzzy metric spaces. 

Definition 2.1 A fuzzy set A in X is a function with domain X and values in [0,1]. 

Definition 2.2A binary operation ∗ : [0, 1] × [0, 1] ⟶[0, 1] is a continuous t-norm if ∗ is satisfying conditions: 

2.2.1 * is a commutative and associative; 

2.2.2 *is continuous; 

2.2.3 a ∗ 1 = a for all a ∈ [0, 1]; 

2.2.4 a∗b ≤ c ∗d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].  

Definition 2.3 A 3-tuple (X, M, ∗) is said to be a fuzzy metric space if X is an arbitrary set, ∗ is a continuous t-norm, 

and M is a fuzzy set on X2 × (0,∞) satisfying the following condition for all x, y, z ∈ X, s, t > 0, 

2.3.1  M(x, y, t) > 0; 

2.3.2 M(x, y, t) = 1 if and only if x = y 

2.3.3 M(x, y, t) = M(y, x, t); 

2.3.4 M(x, y, t) * M(y, z, s) ≤ M(x, z, t +s ); 

2.3.5 M(x, y, ·) : (0,∞) →(0, 1] is continuous. 

Then M is called a fuzzy metric on X. Then M(x, y, t) denotes the degree of nearness between x and y with respect to t.  

Definition 2.4: Let (X, M∗) be a fuzzy metric space. Then  

2.4.1 a sequence {xn} in X is said to converges to x in X if for each ∈ > 0 and each t > 0, there exists n0∈N such that 

M(xn, x, t) > 1 −ϵ for all n ∈ n0. 

2.4.2 a sequence {xn} in X is said to be Cauchy if for each ∈ > 0 and each t > 0, there existsn0 ∈ N such that M(xn, 

xm, t) > 1 −ϵ for all n,m ∈ n0. 

2.4.3 a fuzzy metric space in which every Cauchy sequence is convergent is said to be complete. 
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Definition 2.5: A pair of self-mappings (f, g) of a fuzzy metric space (X, M,*) is said to be  

2.5.1 weakly commuting if M(fgx, gfx, t) ≥ M(fx, gx, t) for all x X and t > 0. 

2.5.2 R-weakly commuting if there exists some R > 0 such thatM(fgx, gfx, t) ≥M(fx, gx, t/R) for  

all x X and t > 0. 

Definition 2.6 Two self-mappings f and g of a fuzzy metric space (X, M,*) are called compatible if  

Whenever {xn} is a sequence in X such that for some x in X.  

Definition 2.7: Two self mappings f and g of a fuzzy metric space (X, M, *) are called reciprocally continuous on X if 

Whenever {xn} is a sequence in X such that for some x in X. 

Lemma 2.8:  Let (X, M, *) be a fuzzy metric space. If there exists q (0, 1) such that If M(x, y, qt) ≥ M(x, y, t) for all x, 

y ∈ X and t > 0, then x = y. 

Definition 2.9 Let X be a set, f and g self-mappings of X. A point x in X is called a coincidence point of    f and g if and 

only if fx = gx. We shall call w = fx = gx a point of coincidence of f and g. 

Definition 2.10: A pair of maps S and T is called a weakly compatible pair if they commute at coincidence points. The 

concept, occasionally weakly compatible, is introduced by Thagafi and Shahzad [4].  

Definition 2.11: Two self-maps f and g of a set X are occasionally weakly compatible (owc) if and only if there is a 

point x in X which is a coincidence point of f and g at which f and g commute. Thagafi and Shahzad [4] showed that 

occasionally weakly is weakly compatible, but the converse is not true.  

Example 2.12: Let R be the usual metric space. Define S, T: R  R by Sx = 2x and Tx = x2 for all x R. Then Sx = Tx 

for x = 0, 2, but ST0 = TS0, and ST2 = TS2. S and T are occasionally weakly compatible self-maps, but not weakly 

compatible.  

Lemma 2.13: Let X be a set, f and g occasionally weakly compatible self-mappings of X. If f and g have a unique point 

of coincidence, w = fx = gx, then w is the unique common fixed point of f and g.  

MAIN RESULTS  

Theorem 3.1: Let (X, M, *) be a fuzzy metric space and let P, Q, R, S be self-mappings of X. Let the Pair {P, R}, {Q, 

S} be occasionally weakly compatible. If there exists  

3.1.1 M(Px, Qy, t) ≥   (min{M(Rx, Sy, t), M(Px, Sy,  t), M(Rx, Qy, (2 − α)t)})  

for all x, y  X, α  (0, 2) and t > 0. where   : [0, 1] → [0, 1] is a continuous function such that  (t) > t for some 0 < t 

< 1. Then P, Q, R and S have a unique common fixed point in X. 

Proof:  Let the pairs {P, R} and {Q, S} be two occasionally weakly compatible, so there are points such that. We claim 

that. If not, now, we put α = 1 − q with q   (0, 1), we have by 3.1.1  

M(Px, Qy, t) ≥   (min{M(Rx, Sy, t), M(Px, Sy,  t), M(Rx, Qy, (2 − α)t ) })  

        ≥   (min{M(Px, Qy, t), M(Px, Qy, (1-q)t), M(Px, Qy, (1+q)t ) })  

        ≥   (min{M(Px, Qy, t), M(Px, Qy, t), M(Px, Qy, t )*M(Px, Qy, qt )})  

Since t-norm * is continuous, letting q → 1, we have 

M(Px, Qy, t) ≥   (M(Px, Qy, t)) 

since   (t) > t for each 0 < t < 1. 

M(Px, Qy, t) ≥   (M(Px, Qy, t)) 

Therefore 𝑃𝑥 = 𝑄𝑦, 𝑖.𝑒 𝑃𝑥 = 𝑅𝑥 = 𝑄𝑦 = 𝑆𝑦. Suppose that there is another point 𝑧 such that 𝑃𝑧 = 𝑅𝑧 = 𝑄𝑦 = 𝑆𝑦, 𝑠𝑜 𝑃𝑥 = 

𝑃𝑧 𝑎𝑛𝑑 𝑤 = 𝑃𝑥 = 𝑅𝑥 is the unique point of coincidence of 𝑃 𝑎𝑛𝑑𝑅. By Lemma 2.13, 𝑤 is the only fixed point of 𝑃 𝑎𝑛𝑑 

𝑅. Similarly, there is a unique point 𝑧∈𝑋 such that 𝑧 = 𝑄𝑧 = 𝑆𝑧. Assume that        𝑤 ≠ 𝑧. We have  

M(𝑤,𝑧,𝑡) =𝑀(𝑃𝑤,𝑄𝑧,𝑡) ≥   (min{M(Rw, Sz, t), M(Pw, Sz,  t), M(Rw, Qz, (2 − α)t )})  

≥   (min{M(w, z, t), M(w, z,  t), M(w, z, (2 − α)t )})  

≥   (M(w, z, t) 

M(𝑤,𝑧,𝑡) ≥   (M(w, z, t) 

Therefore, we have z = w by Lemma 2.13, and z is a common fixed point of P, Q, R and S. The uniqueness of the fixed 

point holds.  
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