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Generalized Kothe-Toeplitz Duals of a New Class of Sequence Spaces

MOHD JAVED, SERAJ AHEMED KHAN,

ABSTRACT. In this paper, we determine the pa-duals of certain newly introduced difference se- quence spaces, namely £.(u, A™, q),

colu, &A™, q), and c(u, A™, q). Furthermore, we investigate
v v v

their topological properties and establish the conditions under which these spaces are perfect.

1. Introduction and preliminaries

Assume that o denotes the space of all sequences. Throughout this chapter, we adopt the notation g = (gx) to
denote a sequence of positive real numbers. Some generalized sequence spaces, such as £(g), c(g), and co(g),
have been studied by various authors [9—11]. Ahmad and Mursaleen [1] introduced the concept of some new
generalized difference sequence spaces, defined as follows:

Ao(g) = {x€w:arx € (gl
Aclg) = {x€w:axeE g}
Aco(g) = {xE€w:ax € clg)l}
Where Axi = xk —xk+1 . After that, Et and Bas jarer [8] defined these difference sequence spaces in a more
general form by introducing the operator A™on these spaces.
A"(q) = {x€w: A" e llg}
A"c(q) = {x€w:A"x € (g}
A"co(q) = {x€w:A"x € colg)}.

Where m is any positive integer and A% = xi, A™xx = A" — A" xpe1 and A™xx =

mi=0 (¥1) ™ x¢+i; They also obtained the K6the—Toeplitz duals of the space A™(g). In

2004 (see [4]), C. Asma Bektas, gave the B- and y-duals of the spaces A"{.(g) and A™c(q)

. They also gave the a-duals of A™co(g) and A™c(g). Let v = (vi) be used to denote any
sequence of non-zero complex numbers. Et and Esi [7] extended the concept of difference sequence

spaces to introduce the sequence spaces A”(X) defined as pelow
A"X)={x€Ew: 2" € X}

v v
Where A"(xx) 37 A" x5 A" 'xiay and A™(x) 5,37 (—1)2," verixg+i. Bektas, Et, and
Colak [5] defined the sequence space A™(X) for X = £, ¢, co and found the S - and y-duals of these spaces.
Let U denote the collection of all sequences consisting of non-zero complex numbers. That is, if u = (ux) € U

then we must have u{ = k for all k. Throughout in this article,
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we will use wy for |ux|~!. By taking a sequence of non-zero terms (ux), Malkowsky [12] introduced a
new class of difference sequence spaces X(u, A) defined as

X, A) ={x € o : (urrxr) € X}

Where u € U and X denotes one of the spaces £, ¢, co.
Asma and Colak [2] combined the above concept with generalized sequence spaces and intro- duced a new
class of sequence space X(u, A, g), defined as follows

X, 2, q) ={x € o : (mrxr) € X(q)}.

Later, Bektas, A. replaced A with A and introduced another class of sequence spaces X (1, A%, g). Many authors
[6] [3] have studied the K&the-Toeplitz duals of such sequence spaces. In 2024, Gtilcan A.T. (see [13])
introduced some new sequence spaces, defined below, and also deter- mined the a-,f -, and y-duals of these

spaces.

Lo(u, A, q) = {x € o : (wa™xr) € 1(g)}
Z’(u, A", q) = {x € w:(war"x) € c(g)}
%o(u, A", q) = {x € o (ma™w) € colq)} )

In the present paper, we continue our work on the spaces X (1, A™, q) apd determine the pa, pf, and py-duals
of these spaces. We also show that the results of Giilcan A.T. and many other researchers are special cases of
our findings. Furthermore, our results generalize all previously known results on these spaces.

2. Definition of the pa-, p5- and py-duals of a sequence space

The definition of pa-, pf- and py- duals of sequence spaces was defined by Et [7]. Let £ be a sequence space
and p > 0, then

0

Er* ={a = (a): Z |awxr|? < oo, for each x = (xx) € E},
k=1

E ={a = (a) : ) (awx is convergent for each x = (v) € E},

n
EP” ={a = (ax) : sup| Z(am)"l < o, for each x € X}.
nook=1
EP®, EPF and EP? are called pa-, pf - and py- duals of E. If we replace p with 1 in the above definitions, then
we get the a—, f — and y— duals of E. If E S F then F7 < E", where # is stand for pa-, pf - and py.

3. Main Results

We start our discussion with the following established result, which plays a key role in devel- oping the proof of
our main results.

Theorem 3.1. co(u, A, q), c(u, A", q) and L(u, A", q) are linear spaces. [13]

v v v
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Theorem 3.2. Let g = (qi) be bounded and M = max(1, H = sup,, g»). Then 8-(u, A™, q) and

co(u, A™, q) awe linear topological spaces by g, defined by
g(x) = sup|lu A™x
n vV n M
n

| qn

Furthermore c(u, A™, q) is,paranormed by g if inf, g, > 0. [13]

Theorem 3.3. Let g = (qx) denote a sequence of positive real numbers. Then
(1) [foo(u/ A", ‘}')]paC = Dpa(“/ ‘]) =
v

T, k—i—1

{a=(a):3y v la v Y Ispp0},
@ [, A7 QF P = Dpapalt, q) = '
as@rew btz ST e

Proof. Letx = (xx) be any elepent of £.(u, A™, g). Then, we have

wn"xr, € Lolq)

= suplyrA"xil% < oo
k

Define an integer s as s > max{1, sup; |uxA™xx|?%}. Then

2up|ukA”’xk|qk , < s
= |k A" x| 9

< s, Vk

v
1

m
= luel A, x| < s%, Vi

But |ux|~' = wi, so we must have
1
Ay xk] < 5% wi " (3.1)
Again, let a = (ax) € Dpa(u, ). Then v
. rog_,k—m k—i—1 1 r 0 (3.2)
| il | siw] <
kZ‘l i:Z‘ m—1
Now, for k =2m,2m+ 1, .....and s > 1, we can wiite ]
k=mp—i—1 mook—i—1 1
; m—1 shwi = ;1 m—1 S Wi (3.3)
Since, we can write xj as 7 ]
. - k—mlm k—i—1 mxm 1M k—i—1 m=iy.
k:le[z(_) m—1 ﬁf i+z(_) m—1 Ayl
Consider, |
o0 r 0 r r k m k_l_l m
> lapa]” =37 lagl vl 7 1Em(=1) A+
' - m—1
. k—i—1 .
(= m_%m Xl
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e ol <37 lalpultsrn 57770 pamly
le > aga]” <y ag 1'Vk > -1 " xilY ;
k—i—1 .

r —T. m m—i,. |\
laxl "l =X, _|1A il }
using 3.1 in above expression, we get v

00 r 00 r —r{xk—m k—i—1 ! ro
Z |a/{£1| i Z |ak|:1|v J( {Z a i=1 }SqH'Wi
(] m—1

. . k—i—1 . .

la |"|v |7 {x" 1 Y&, using 3.2 and 3.3

. —1 . )
ie,Y* lawx|” <oofor alin(xk) € Lo(u, A™, g). This means that (ax) is an element of [{(u, A™, ¢)1P*,
k=1 % Y

but (ax) is an element of D, (1, ¢). Hence, we must have
Dpa(u, q) S [Lelut, 2™, @)1 y

Now, to complete the proof of the first part of the theorem, we only have to prove that [{x(u, A™, )I’% <
Dpa(u, g). For this, we let (ar) & Dpa(u, g). Then, there exist some integer s > 1 such that

1
o) - - (k—m _ l_ 1 }; )
Z |ak| |Vk|_ ]Z S%iw; T= o0
k=1 i=1m-=
Using the above expressiqn, we can define a sequence, say x = (x), where
_— k—i—1 1 _ , , ,
x =Ty si,w; which can easily be verified to be an
- m—1

element of £.(u, A™, ¢). Then, we have

Z |awxk|” = oo
k=1

This means (ar) & [Lo(u, A™, @)1P*. Hence [Lo(u, A", @)IP* = Dpa(u, q).This completes the
\% v

first part of our theorem. After this, we are ready to prove the second part of the above theorem.
(i) Let a = (ar) € Dpapa(u, q) and x = (xx) € [Llu, A™, q) /'y~ Then, we have

sup a’v’ k—i=l R (3.4)
ol | 1 T i)
k=m+1 an—1
for some s > 1 and v
gy _hem p—i—1 o Vﬁ 0 (3.5)
A;I il |4l I[:Z 1 Siwl <
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forall s > 1. Now, we consider ]
Je— .
* axlr Coa "y vok—imd 1 i
kKl = k 89 W
anHl k=m+1 Z ol | ill[z m—1 owil
'
k—m .
_ k—i—1 1 —
G P v | _1 sty
£ !
k—i—1 1
sup a'’"vi.m B r
= |4l | il [ 59 wi]
k=m+1 ki: —1 !
* r -r k=i ! r
X3 Ll fwd 5 ;s wi
k=m+1 e

< o, Inview of 3.4 and 3.5

ie, Y™ kL%ﬁkﬂ " < oo forall x = (x) € [fo(u, A™, g)JP%. By the definition of pa-duals, we
can say that a = (ax) is an element of [£x(u, A™, @)JP4P* , but a = (ax) is any arbitrary element

of Dpapa(u, q). Therefore, we must have
Dyapa(t, q) S [Leu, A", @)JP* P .

Now, to complete the second part of this theorem, we only need to prove that [£.(u, A™, g)}P3P* <
Dpapa(u, g). To do this, let us suppose that a = (ax) € [f=(u, A™, ¢)]7$"*. Then, we have

Z laick|” < oo, forall x = (xi) € [, A™, @)} v
k=1
But if x = (x) € [Lo(u, A™, @)1P%,. Then, by the first pargof this theorem, we must have
I (3.6)
| Y <~
k k stiw| <
kz' | i om—1

for all s > 2. Further, as ¥ Ia%)gcllr < 0. So,ywe have
r wrk_m k_ i_ 1 1

a \%
qi ;
qu il | ;«lllz m_1  Siwl

—-r

|
r rk_m l_ 1 1 Vo
X |l "vil | 5w < o
= m'—
k—m . -
—i—1 L )
: = lar| |vel [ ! 58w < o, V n,Byusing 3.6
r r i1 L —r
sup a'v o0
k—m _
= |kl | il st wk
k=m+1 = —1

This means a = (ax) € Dpapa(u, q) for all a = (ax) € [Lolu, A™, g)1P9P*. Hence,

[olut, A, V7" S Dpapa(u, q)

This completes the second part of the theorem. One more thing we can add is that since
Lo(u, A", )P*PY = bo(u, A™, q), the space Lo(u, A™, g)is not perfect. O
v v v
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Corollary 3.1. If we put r = 1 in theorem 3.3, then we get the a-dual of the space t-(u, A™, q).
(1) [200(“/ Am/ q)]oC = D, (u/ Q) =
v

1
T fa=@)y o, eyl ST 1w
@) Rl 8% Q1 = Dunlty ) = ,
S fa=@risp o Jalplistr ST g

Corollary 3.2. If we put vi = 1,V k in theorem 3.3, then we get the pa-dual of the space

Lo(u, A, q).
(1) el &7, QP =

!
T, k—i—1 _
fa=G)yy 4 lglfysm 57 L, L
2)  Wolu, a7, g 1" = '
S, k—i—1
e=@isp o Jellsir ST I

4. First and second pa-duals of the space co(u, A™, q)

In the next theorem, we will find the first and second pa-duals of the space co(u, A™, q) and ,,
prove that this space is also not perfect.

Theorem 4.1. Let g = (gi) denote a sequence of strictly positive real numbers. Then, we have

(1) [co(u, A", Q)P = Mpa(u, q), where

" #r
[00 0 k—m k—i—1 -1_
Mpa(”/ Q) = {a = (ak) : Z |ak|r|Vk|7r Z 1 shiw; < oo}

2 leolu, o™, QYP* = Mpapa(u, q), where

n #_r

N\ ® k=m_p_;_1 -1_
Mpapa(u,q) = {a€w: sup |a| vl Z; S 9 Wi < o}

=2 k=m+1 i=1 —1
Proof. (1) Let x = (x) be an arbitrary element of co(u, A", ). Then
Uk A"xk £ olg
= |k A" x| T y € <o
ive., |urA™xi| % , — Oask— oo,
This means there must exist a positive integer s > 1 such that

1
NGRS < -

v s
—1
m
i.e., lurA, x|l < s%.
=1
m

== | A, x| < 5% wr “4.1)
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Again, let a = (ar) € My (u, g). Then " #
» kem p—i—1
> lal"Tvel = > . gdiyy < (4.2)
. m—i
k=1 i=1
for some s > 1. Since Y 1
kem k—i—1 - "ok—i—1
Zi I 9 Wi > Zl I S 9% Wy 4.3)
1= 1=
Then
’ Z; laxi| = Z @it vl 71y D0 Ay
" . i k=i=T
i=1 (1] #
< bl 3G a7
= ., B 4
*® m k—i—1 .
+ il il =" (=1 | AV x|
m—1 i= =
"k #r
x m k—i—1 -L
< il il =" (=" s 9 wi
m—1 = =
" #r
* " k—i—1 L
+ il il =" (=1t : saiw; ,see4d.l
m—1 = =
< oo, see4.2and 4.3
ie,Y” lagul <oo,forallx = (xs) € colu, A™, q). ,,
= a = (ar) € [colu, 2™, @)1 v
Hence,
Mo (u, q) < [co(u, A™, q)1P". y 4.4)

To complete the first part of this theorem, we only need to prove that [co(u, A™, @)} <
My (u, q) . For this, let us suppose that a = (ax) € [co(u, A™, ¢)]P%. Then, we must have

Z laxi|” < oo, forall x = (xx) € colu, A™, g). v 4.5)
i=1
Define a sequence as follows:

k=m psi—1 -
-1 1 _
X Vi= 4 S % Wi, (4.6)
= m—l1
We can easily verify that x = (x;) is an element of co(u, A™, ¢). Ip view 0of 4.5 and 4.6 , we have
* N
r = s%w;, <oo,
m—1 k; |ar]"| vl l;

==ag=(a) € Mpa(u/ q)'
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== [co(u, A", Q)IP* S Mypa(u, q). v 4.7)
From 4.4 and 4.7, we have

[CO(u/ Am/ Q)]poC = Mpa (u/ C])- "

This completes the first part of the theorem. Now, we will prove the second part and then verify that this
space is not perfect.

Proof. (2) Let a = (ax) € [co(u, A™, q)]P¢P*. Then we have

> |awe|” < oo, (4.8)

k=m+1

forall x = xx € [co(u, A™, ¢)]P%. Now, using the first part of this theorem, we can write

llk #r
® mok—i—1 -
/«Z el vl =Y sUwi <o (4.9)
m—1 =1 i1
for some s = 2. We can rewrite 4.8 as follows:
"k #_r
o mop—i—1_ -
o ladwl D sAwi ol el ="
m—1 e ~
" =m+1 =1
#,
k—m k — 11— 1 -1 Z J—
X S 9wy < o
m—1 i1 l
"k #_
m o k—i—1 - %
== sup |allvl” ). S 9 Wi Dl vl %
m—1 k=m+1 = k=m+1 .
kem f—i—1
m—1 59w <
i=1
Which, in view of 4.9, gives
n #_
f=m i —1 - -
sup a7l " siw; <o,
k=m+1 m—1 i=1
This means a = (ax) € Mpapa(u, g). Hence
[co(u, A, QIP*P* S Mpopa(u, g). v (4.10)

To complete the theorem, we claim that Mpapa (1, ) < [co(u, A™, @)JP¢P*. To do so, let us suppose that a
= (ax) is an arbitrary element of Mpapa (1, g). Then, we have
n #_r

kem k—i—1 -1
Sup - |ag|"|vil" Zf shw <o, (4.11)
m—1 k=m+1 i=1
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Let x = (x) be any element of [co(u, A", ¢)}P%, Using the result from the first part of this

theorem, we can write " #,
0 ke=m k_l_l -1
okl 3 saw < (4.12)
=1 i=1
Consider
n #_
al al " ki1
Do dawsl” <Y lal vl i | STwi
fe=m+1 W k=ml =1 M= "
r
kem p—i—1 < _
X k] vl =" Z S 9 W
m—1 ~
n = #
k=m g —i—1 - -
< sup lad’wl” ) 59 Wi
m—1 k=m+1 3
" #
;
* emf—i—1 -1
m— 1 X vl Y s W

k=m+1 i=1

ie, Y~ dapa]” < oo, for all x = () € [colu, A", @)V
== a = (a) € [co(u, A™, q)}P*7 y

Hence,
[Co(I/l, Am/ q)]pocpa = Mpapoc (l/l, %)-
|

Corollary 4.1. If we replace r with 1 in Theorem 4.1, then we obtain the a-dual of the space co(u, A", q) [13]

(1) [CO(M, VA m, Q)]av = Ma (u, Q), where
n #

@© k—m . _
Ma(u/ q) = I:D {a = (ak) : Z |ak||Vk|_1 Z k—i 11 SJ‘ITWi < OO},
§=2 =1 m—

(2) [co(u, Am/ q)]%a = Mq (l/l, Q), where
" #_
N\ kem g1 o
Mou(u,q) = {a€w: sup |a|wl Z saw < ool

This is exactly the same result as in Theorem 2.4 (see [13]). This means that, by this theorem, we have
generalized the previously existing results.

Corollary 4.2. If we take the sequence v = (vi) as vi = 1 for all k, then we get the pa-duals of the space co(u,
A", q).

(1) [colu, A™, @)1P* = Mya(u, q), where
" #
r o kmg—im1 1
Mpa(u, q) = fa=1(ad: ) ladl" Z—l saw < oo},
k=1 i=1

I

s=2
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(2) [CO(M, A", q)]papa = Mpapa (u, Q), where
n #_
\ o k—m k l _ 1 -1 ril- ’
Mpapa(u, q) = f{a€w: sup Iaktl’ z < Sf, Wi
Jp— i=1

§=2 k>m
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