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Abstract: This study focuses on the problem of identifying non-zero unique integer solutions to the bi-quadratic
. 2 2 4 . . . . .

equation Xy + (O' + I)Z =65W". A few interesting connections between the solutions are displayed. There are

integer solutions for various transformation possibilities given an integer solution to the given problem.
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Introduction:

A Diophantine equation is a polynomial equation where the solutions are required to be integers. Named after the
ancient Greek mathematician Diaphanous, these equations explore the deep relationship between algebra and number
theory. A Bi-quadratic Diophantine equation is a specific type of Diophantine equation where the highest degree of the
variable is four. These equations are more challenging than linear or quadratic Diophantine equations due to their
higher degree and multiple variables. They appear in problems involving Pythagorean quadruples, elliptic curves, and
modular arithmetic.

In [1-3], theory of numbers were discussed. In [4-6] problem have been discussed for its integral solutions for basic
quadratic Diophantine equations. In [7-13], higher order equations are considered for integral solutions. In this
communication, the non-homogeneous Biquadratic equation with five unknowns represented by the equation

xy—|—(0'2 +1)22 =65w" s considered and in particular a few interesting relations among the solutions are

presented.

Notations

CH , = Centered Hexagonal number of rank n.
RD, = Rhombic dodecagonal number of rank n.
TO, = Truncated octahedral number of rank n.
IT, = Truncated tetrahedral number of rank n
HO, = Hauy Octahedral number of rank n
Star,= Star number of rank n.

(S, = Centered square number of rank n.

CC, = Centered cube number of rank n.

Gno, = Gnomonic number of rank n

Method of Analysis: -
The Diophantine equation representing the bi-quadratic equation under consideration is

Xy + (0'2 + 1)22 =65w* (1)

Different solution patterns to (1) be presented below.
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Pattern 1:
Introducing the transformations

X=u+ov, y=u—ovand z=v 2)
In (1), it simplifies to

u’ +v: = 65w (3)
Substituting w=a” +5> in (3) and choosing

65 = (8+1)(8—1i), it becomes
w+iv)(u—iv)=8+i)@8-i)(a’ +b*)* (4)
Let us define u + iv= (8 +1i)(a +ib)* %)
by equating real and imaginary parts, we get

u=28a"*+8b* —48a’b* —4a’b + 4ab’ ©)
v=a'+b*—-6a’b* +32a’°b—32ab’

Using these values of u and vin (2), the integral solutions to (1) are obtained as,

x(a,b,0)=(8+0)a* +(8+c)p* —6(8+c)a’h? —4(1-80)a’b + 4(1 -85 )ab’
y(a,b,0)=8-0c)a* +(8-c)b* —6(8—0c)a’h> —4(1+80)a’b +4(1+ 85 )ab’
Z(a,b) =a*+b* —6a’b* +32a’°b—32ab’

w(a,b)=a’ +b’

Properties: -

(i) The following relations are perfect squares: -
1.y(a,a,1)+ z(a,a)- x(a,a,1)
2. y(a,a,1)~7z(a,a)-x(a,a,1)
3. x(a,a,1)+z(a,a)-2y(a,a,1)
4. 3[y(a,a,1)-x(a,a,1)- z(a,a)]
5. 2x(a,a,1)- y(a,a,1)~12z(a,a)
6. —2x(a,a,1)- y(a,a,1)
(i) x(a,1,1) = y(a,1,1)- 22(a,1,1)= 0
(iii) y (@,1,1)— 7z (a,1)+130 SO, = 0(mod 130)
(iv)x(a,1,1)=9z(a,1)+130 PP, =130 T, =0

) x(a,1,1)=7z(a,1)- w(a,1)+43(0H, )+ PP, —Pro, —194 Gno, = 0(mod193)

© 2026, IJSREM | https://ijsrem.com DOI: 10.55041/IJSREM64325 | Page 2



https://ijsrem.com/

v \z*‘

te
4
@55 '3 International Journal of Scientific Research in Engineering and Management (IJSREM)

Rooisadt  Volume: 10 Issue: 05 | May - 2026 SJIF Rating: 8.659 ISSN: 2582-3930
Pattern 2: -
By taking 65 = (32 ;_()741‘)(32 1_074ij in (3), we get
(u +iv)(u —iv): (32 10741‘)(32 1_074iJ(a2 +Z)2)4 ()

Now we define
(e iv)= [32 1+074"j @) ©)

Since our aim is to find integral solutions,

Let us takea =104 andb =10B. Then the solutions are given by,

On equating real and imaginary parts we get,

u =320004" +32000B* —1920004°B* —2960004° B + 296000A4B"> (10)
v =740004* + 74000B* — 4440004°B* +1280004°B —128000A4B°

Then the integral solutions to (1) are given by

x(4,B,5)= (32000 + 740005 )4* + (32000 + 740005 )B* — (192000 + 4440000 )4 B>
—(296000-1280005)4° B + (296000 — 1280000 ) AB*

x(4,B,1)=1060004" +1060008* — 6360004 B> —1680004°B +1680004B°
y[4,B,(c =1)] = 420004 — 42000B* + 2520004 B> — 4240004’ B + 4240004B°
(4,B)=740004* +74000B* — 4440004 B* +1280004° B —1280004B°

w(4,B)=10004> +1000B>
Properties: -
() 4[x(4,1,1) = z(4,1)] = 2[x(4,1,1)+ y(4,1,1)]
(i) 2z (4,1)+ y(4,1,1)= x(4,1,1) =0
(iii) 106w (42,1) — x(4,1,1) = 10500 TO,, — 327500 CH , — 281250 Gno, = 0(mod16750)
(iv) 232000 Gno , —106000 RD , — 64000 Star ,—[y(4,1,1)+42w(4*,1)] = 0(mod 190000 )
) z(4,1,1)— 74w(4,1)- 32000 RD, —126000 CS , + 254000 Gno,, = 0(mod 96000 )
Pattern 3:-

u> +v: =65w*

(4+3i)(4-3i)

Consider (l) asl= =

in (3) , we get

u® +v? =(65*1)w
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We define,

(u+iv)=(8+ l)(%] @+iv) (1)
equating real and imaginary parts we get

u = %[29(14 —174a%b* ~112a°b +112ab* +29b* |

(12)

y= %[286[4 —168a°h” +116a°h —116ab’* +28b* ]

with these values ofu and v, the solutions x, y,z andw of (1) are

x(a,b,0)= é [29+ 280 )a* - 4(296 - 28)ab® + 4(29¢ — 28)a’b — 6(29 + 285 )ab> + (29 + 280 )b* |
y(a,b,0)= % [29-280)a* - 4(290 + 28)a’b — 6(29 — 285 )a*b? + 4(295 + 28)ab® + (29 — 285 )b* ] (13)

Z(a,b)zé[ZSa“ —168a%b” +116a°b —116ab® — 28b* |

w(a,b)= [a2 + bz]
Since our aim is to find integral solutions,

Let us takea =54 andb =5B. Then the solutions are given by,

x(4,B,0)=125(29+285)4" +500(290 —28)4° B —750(29 + 285) 4> B*
~500(290 —28)4B* +125(29 + 285 )B*
y(4,B,0)=125(29-285)4* —500(295 +28)4° B —750(29 — 285 )4’ B (14)
+500(290 + 28)4B° +125(29 - 285)B*
z(4,B)=35004* —210004° B> +145004° B —145004B° +35008*
w(A4,B)=254> +25B>

Properties: -

(1) The following equations are all perfect squares: -
. 9y (1,1,1)+ z(1,1) - x(1,1,1)
. 24y (1L,11) = x(1,1,1)+ z(1,1)
. x(1,1,1)=13y(1,1,1)+ z(1,1) and
. 5[(LL1)=2y(1,1,1)-z(1,1)
(i) x(1,11)- y(1,1,1)=2z(1,1)=0
(iii) x(4,1,1)=57y(4,1,1)- 812500 SO, = 0(mod 812500 )

(iv) z(4,1)-28y(4,1,1)- 406250 P; =0(mod 1625000 )
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™) x(L,L1) = »(1,1,1)=22(1,1)+ w(4,1)-5T;,, = 0(mod 20)

Pattern 4:-

Let us choose (1) as 1 = B F4)B=41)
Then (3) can be written asu® +v* = (65 *1)w*

s =[is -] S ey
Now we define,

u+iv= (8+i)[324ij(a +ib)*

By equating real and imaginary parts on both sides, we obtain the values ofu and v as

u = 1[20a* + 206" ~120a%b* ~1404°b + 140ab’ |
> (16)

y= %[35a4 +35b* —210a°b” +80a’b —80ab’ |

With these values of # and v, the solutions of x, y,z and wof (l) are,

x(a,b,0)= %[(20 +350)a* +(20+ 350 )b* —6(20+350)a’h> — 4(35- 200 )a’b + 4(35 — 200 )ab’ |

y(a,b,0)= %[(20 —350)a* +(20-350)b* — 6(20— 350 )a’h* —4(35 + 200 )a*b + 4(35 + 200 )ab’ |
z(a,b)= %[35514 +35b* —210a°b +80a°h —80ab’ |
w(a,b)=a’ +b’
Since our aim is to find integral solutions.
Let us takea =54 andb =5B. Then the solutions are given by,
x(4,B,0)=125(20+350)4* +125(20+ 350)B* - 750(20 + 355) 4> B*
~500(35-200)4° B +500(35 - 2005 ) 4B’
y(4,B,0)=125(20+350)4* +125(20 +350)B* —750(20 —350)4*B*
~500(35+200)4° B+ 500(35 +200) 4B’
2(4,B)=125[4*35+35B* ~2104°B> +804° B ~804B"|
w(A4,B)=254" +25B>
Properties: -

() y(LL)-x(1,11)+2z(1,1)=0
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(i) z (l,l,l)— x(l,l,l)— y(l,l, 1) and — [Z (1, 1,1)+ y (1,1, 1)] is a perfect square.
Gii) x(1,1,1) = z(1,1) = [y (1,1,1)+ z(1,1)]
) x(1L,L1)+4y(1,1,1) = ~[z(1,1)+ 2y (1L1L,1)] = 2(1,1) = x(1,1,1) = »(1,1,1)

W2y (LL1)+z(1,1)] = x(1,1,1)+ y(1,1,1)

(vi) % [y (l, 1, 1) +z (l, 1) - x(l, 1, 1)] is a disarium number of 175in order (3) )

Pattern 5: -

Let us choose 65 as 65 = (4 + 7i)(4 - 7)
Then(3) can be written as
(u+ i) —iv)=(4+71)(4—7i)(a* +5°)' (17)
Now we define
(u+iv)=(4+7i) (a+ib) (18)
By equating real and imaginary parts on both sides, we obtain the values ofu and v as

u=4a* +4b* —24a*b*> — 28a’b + 28ab’
v="7a* +7b* —42a*b* +16a°b —16ab’

Using these values ofu andv in (2) the integral solutions to (l) are obtained as,

x(a,b,0)=(4+7c)a* +(4+70)* —6(4+75)a’b* —4(7 — 40 )a’b + 4(7 — 40 )ab®
y(a,b,0)=(4-70)a* +(4-T0)p* —6(4—70)a’b* =47 + 40 )a’b + 47 + 4 )ab’
z(a,b)="7a* +7b* —42a*b* +16a°h —16ab’

w(a,b)=a’ +b’

Properties: -

@ x(LLD)+ y(1L,1,1)-z(1L,1)+2w(1,1)=0

(ii)z(a,1) = 7wla®,1)=To, + T, , +24Gno, = 0(mod18)

(iii) y (@, 1,1)+ 3w{a’,1)- 22CC, —14Star, +13Gno, = 0(mod5)
(i) 1wla®,1)= x(a,1,1)= 3RD, —14Star, —30Gno, = 0(mod19)

W[y (a,1,1)+ z(a,1,1)]- 4w{a®,1)- 15 RD, —22CH, + 54a = 0(mod 7)
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Pattern 6:-

(8+6i)(8—6i)
10?

Let us consider, (1) as1 =

For this choice, the corresponding integer solutions are found to be,

x =x(4,B,0)=1000(700 —40)4* —~1000(700 — 40)B* + 6000(40 — 705 ) 4> B*
+4000(70+ 400)4B* — 4000(70 + 400 )4°B

y=y(4,B,05)=1000(70c +40)4* —~1000(70c +40)B* +6000(40 + 705 ) 4> B>
+4000(70 — 400 )AB* —4000(70 - 400)4° B

z=2z(4,B)=700004" +70000B* — 4200004°B*> +1600004B° —1600004° B
w=w(4,B)=1004> +100B>

Properties: -

(i) y(L,LD)-x(1,1,1)+2z(1,1)=0

(i) 11x(4,1,1)+ 3p(1,1,1)+ 2600000 SO, = 0(mod 2600000 )

(iii) x (4,1,1)— w(42 1)+ 220000 CC , + 280000 CH , —130000 Grno , = 0(mod 190000 )

(iv) w(42,1)= 2(4,1)- 160000 P} —65000T;, , = 0(mod195000)

W10 y(1,1,1) = =11[x(1,1,1) + z(1,1)]

vi) y(L,1,1)=200 w(1,1)- x(1,1,1) - z(1,1)

Conclusion

In this work, we have shown that the non-homogeneous biquadratic equation X) + (O' > l)Z > =65w" has an

unlimited number of non-zero integral solutions. Given the variety of biquadratic equations, the corresponding integer
solutions for the other types of biquadratic equations with variables larger than or equal to 4 can be obtained.
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