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Abstract: This study focuses on the problem of identifying non-zero unique integer solutions to the bi-quadratic 

equation ( ) 422 651 wzxy =++  . A few interesting connections between the solutions are displayed. There are 

integer solutions for various transformation possibilities given an integer solution to the given problem. 
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Introduction: 

A Diophantine equation is a polynomial equation where the solutions are required to be integers. Named after the 

ancient Greek mathematician Diaphanous, these equations explore the deep relationship between algebra and number 

theory. A Bi-quadratic Diophantine equation is a specific type of Diophantine equation where the highest degree of the 

variable is four. These equations are more challenging than linear or quadratic Diophantine equations due to their 

higher degree and multiple variables. They appear in problems involving Pythagorean quadruples, elliptic curves, and 

modular arithmetic. 

In [1-3], theory of numbers were discussed. In [4-6]  problem have been discussed for its integral solutions for basic 

quadratic Diophantine equations. In [7-13], higher order equations are considered for integral solutions. In this 

communication, the non-homogeneous Biquadratic equation with five unknowns represented by the equation 

( ) 422 651 wzxy =++    is considered and in particular a few interesting relations among the solutions are 

presented. 

Notations 

nCH = Centered Hexagonal number of rank n.    

nRD = Rhombic dodecagonal number of rank n. 

nTO = Truncated octahedral number of rank n. 

nTT  = Truncated tetrahedral number of rank n                                            

nHO = Hauy Octahedral number of rank n 

nStar = Star number of rank n. 

nCS = Centered square number of rank n. 

nCC = Centered cube number of rank n. 

nGno = Gnomonic number of  rank n                                  

Method of Analysis: - 

 The Diophantine equation representing the bi-quadratic equation under consideration is 

 ( ) )1(651 422 wzxy =++    

Different solution patterns to )1(  be presented below. 
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Pattern 1: 

 Introducing the transformations 

vux += , vuy −=  and )2(vz =  

In )1( , it simplifies to 

  ( )365 422 wvu =+  

Substituting 
22 baw +=  in ( )3  and choosing 

  )8()8(65 ii −+= , it becomes 

)4()()8()8()()( 422 baiiivuivu +−+=−+  

Let us define )5()()8( 4ibaiivu ++=+  

by equating real and imaginary parts, we get  

)6(
32326

444888

332244

332244







−+−+=

+−−+=

abbababav

abbababau
 

Using these values of u and v in )2( , the integral solutions to )1(  are obtained as, 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )
( )7

),(

32326,

8148148688,,

8148148688,,

22

332244

332244

332244













+=

−+−+=

+++−−−−+−=

−+−−+−+++=

babaw

abbabababaz

abbabababay

abbabababax





 

Properties: - 

(i) The following relations are perfect squares: - 

 1. ( ) ( ) ( )1,,,1,, aaxaazaay −+  

 2. ( ) ( ) ( )1,,,71,, aaxaazaay −−  

 3. ( ) ( ) ( )1,,2,1,, aayaazaax −+  

 4. ( ) ( ) ( ) aazaaxaay ,1,,1,,3 −−  

 5. ( ) ( ) ( )aazaayaax ,121,,1,,2 −−  

 6. ( ) ( )1,,1,,2 aayaax −−  

(ii) ( ) ( ) ( ) 01,1,21,1,1,1, −− azayax   

(iii) ( ) ( ) ( )130mod01301,71,1, +− aSOazay  

(iv) ( ) ( ) 01301301,91,1, −+− aa TPPazax  

(v) ( ) ( ) ( ) ( ) ( )193mod0194Pr431,1,71,1, −−++−− aaaa GnooPPOHawazax  
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Pattern 2: - 

 By taking 






 −







 +
=

10

7432

10

7432
65

ii
 in ( )3 , we get  

( )( ) ( ) )8(
10

7432

10

7432 422 ba
ii

ivuivu +






 −







 +
=−+  

Now we define 

 ( ) ( ) )9(
10

7432 4
iba

i
ivu +







 +
=+  

Since our aim is to find integral solutions, 

Let us take Aa 10=  and Bb 10= . Then the solutions are given by, 

On equating real and imaginary parts we get, 

( )10
1280001280004440007400074000

2960002960001920003200032000

332244

332244







−+−+=

+−−+=

ABBABABAv

ABBABABAu
 

Then the integral solutions to )1( are given by 

( ) ( ) ( ) ( )

( ) ( )

( )

( ) 

( )

( ) 22

332244

332244

332244

33

2244

10001000,

1280001280004440007400074000,

42400042400025200042000420001,,

1680001680006360001060001060001,,

128000296000128000296000

44400019200074000320007400032000,,

BABAw

ABBABABABAz

ABBABABABAy

ABBABABABAx

ABBA

BABABAx

+=

−+−+=

+−+−−==

+−−+=

−+−−

+−+++=







 

Properties: - 

(i) ( ) ( )  ( ) ( ) 1,1,1,1,21,1,1,4 AyAxAzAx +=−  

(ii) ( ) ( ) 0)1,1,(1,1,1,2 −+ AxAyAz  

(iii) )16750(mod028125032750010500)1,1,()1,(106 2 −−−− AAA GnoCHTOAxAw  

(iv) ( )190000mod0)]1,(42)1,1,([64000106000232000 2 +−−− AwAyStarRDGno AAA  

(v) ( ) ( ) ( )96000mod0254000126000320001,741,1, 2 +−−− AAA GnoCSRDAwAz  

Pattern 3:- 

  
422 65wvu =+  

Consider ( )1 as
( )( )

25

3434
1

ii −+
=  in ( )3 , we get  

  ( ) 422 165 wvu =+  
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We define, 

( ) ( ) ( ) ( )11
5

34
8

4
iba

i
iivu +







 +
+=+  

equating real and imaginary parts we get 

 

 
( )12

2811611616828
5

1

2911211217429
5

1

433224

433224










+−+−=

++−−=

babbabaav

babbabaau

 

with these values ofu andv , the solutions zyx ,,  andw  of ( )1  are 

( ) ( ) ( ) ( ) ( ) ( ) 

( ) ( ) ( ) ( ) ( ) ( ) 

( )  

( )  

( )13

,

2811611616828
5

1
,

28292829428296282942829
5

1
,,

28292829628294282942829
5

1
,,

22

433224

432234

422334

















+=

−−+−=

−+++−−+−−=

+++−−+−−+=

babaw

babbabaabaz

babbabaabay

bbabaababax





 

Since our aim is to find integral solutions, 

Let us take Aa 5=  and Bb 5= . Then the solutions are given by, 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( )

( )

( )14

2525,

35001450014500210003500,

28291252829500

282975028295002829125,,

28291252829500

282975028295002829125,,

22

433224

43

2234

43

2234

















+=

+−+−=

−+++

−−+−−=

++−−

+−−++=

BABAw

BABBABAABAz

BAB

BABAABAy

BAB

BABAABAx









 

Properties: - 

(i) The following equations are all perfect squares: - 

• ( ) ( ) ( )1,1,11,11,1,19 xzy −+  

• ( ) ( ) ( )1,11,1,11,1,124 zxy +−  

• ( ) ( ) ( )1,11,1,1131,1,1 zyx +−  and 

• ( ) ( ) ( ) 1,11,1,121,1,15 zyx −−  

(ii) ( ) ( ) ( ) 01,121,1,11,1,1 −− zyx  

(iii) ( ) ( ) ( )812500mod08125001,1,571,1, −− ASOAyAx  

(iv) ( ) ( ) ( )1625000mod04062501,1,281, 5 −− APAyAz  
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(v) ( ) ( ) ( ) ( ) ( )20mod051,1,121,1,11,1,1 ,12 −+−− aTAwzyx  

 

Pattern 4:- 

 Let us choose ( )1 as 
( )( )

25

4343
1

ii −+
=  

Then ( )3  can be written as ( ) 422 165 wvu =+  

 ( )( ) ( )( ) 
( )( ) ( ) ( )15

25

4343
88

422 ba
ii

iiivuivu +






 −+
−+=−+  

Now we define, 

 ( ) ( )4

5

43
8 iba

i
iivu +







 +
+=+  

By equating real and imaginary parts on both sides, we obtain the values ofu  and v  as 

 

 
( )16

80802103535
5

1

1401401202020
5

1

332244

332244










−+−+=

+−−+=

abbababav

abbababau

 

With these values ofu andv , the solutions of zyx ,,  and w of ( )1  are, 

( ) ( ) ( ) ( ) ( ) ( ) 

( ) ( ) ( ) ( ) ( ) ( ) 

( )  

( ) 22

332244

332244

332244

,

80802103535
5

1
,

20354203543520635203520
5

1
,,

20354203543520635203520
5

1
,,

babaw

abbabababaz

abbabababay

abbabababax

+=

−+−+=

+++−−−−+−=

−+−−+−+++=





 

 Since our aim is to find integral solutions. 

Let us take Aa 5=  and Bb 5= . Then the solutions are given by, 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( )  
( ) 22

332244

33

2244

33

2244

2525,

80802103535125,

20355002035500

352075035201253520125,,

20355002035500

352075035201253520125,,

BABAw

ABBABABABAz

ABBA

BABABAy

ABBA

BABABAx

+=

−+−+=

+++−

−−+++=

−+−−

+−+++=









 

Properties: - 

(i) ( ) ( ) ( ) 01,121,1,11,1,1 =+− zxy  
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(ii) ( ) ( ) ( )1,1,11,1,11,1,1 yxz −− and ( ) ( ) 1,1,11,1,1 yz +−  is a perfect square. 

(iii) ( ) ( ) ( ) ( ) 1,11,1,11,11,1,1 zyzx +−=−  

(iv) ( ) ( ) ( ) ( )  ( ) ( ) ( )1,1,11,1,11,11,1,121,11,1,141,1,1 yxzyzyx −−=+−=+  

(v) ( ) ( )  ( ) ( )1,1,11,1,11,11,1,12 yxzy +=+  

(vi) ( ) ( ) ( ) 1,1,11,11,1,1
100

1
xzy −+ is a disarium number of 175 in order ( )3 . 

 

Pattern 5: - 

 Let us choose 65  as ( )( )ii 747465 −+=  

Then ( )3  can be written as 

 ( )( ) ( )( )( ) ( )177474
422 baiiivuivu +−+=−+  

Now we define 

( ) ( ) ( ) ( )1874
4

ibaiivu ++=+  

By equating real and imaginary parts on both sides, we obtain the values ofu  and v  as 

 
332244

332244

16164277

28282444

abbababav

abbababau

−+−+=

+−−+=
 

Using these values ofu  andv  in ( )2  the integral solutions to ( )1  are obtained as, 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )
22

332244

332244

332244

),(

16164277,

4744747467474,,

4744747467474,,

babaw

abbabababaz

abbabababay

abbabababax

+=

−+−+=

+++−−−−+−=

−+−−+−+++=





 

Properties: - 

(i) ( ) ( ) ( ) ( ) 01,121,11,1,11,1,1 +−+ wzyx  

(ii) ( ) ( ) ( )18mod0241,71, ,20

2 ++−− aaa GnoTToawaz  

(iii) ( ) ( ) ( )5mod01314221,31,1, 2 +−−+ aaa GnoStarCCaway  

(iv) ( ) ( ) ( )19mod0301431,1,1,11 2 −−−− aaa GnoStarRDaxaw  

(v) ( ) ( )  ( ) ( )7mod05422151,41,1,1,1, 2 +−−−+ aCHRDawazay aa  

 

 

https://ijsrem.com/


          International Journal of Scientific Research in Engineering and Management (IJSREM) 

                        Volume: 10 Issue: 05 | May - 2026                             SJIF Rating: 8.659                                     ISSN: 2582-3930                                                                                                                                               

 

© 2026, IJSREM      | https://ijsrem.com                                 DOI: 10.55041/IJSREM64325                                          |        Page 7 
 

Pattern 6:- 

 Let us consider, ( )1  as
( )( )

210

6868
1

ii −+
=  

For this choice, the corresponding integer solutions are found to be, 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) BAAB

BABABAyy

BAAB

BABABAxx

33

2244

33

2244

4070400040704000

704060004070100040701000,,

4070400040704000

704060004070100040701000,,









−−−+

+++−+==

+−++

−+−−−==

 

( )

( ) 22

332244

100100,

1600001600004200007000070000,

BABAww

BAABBABABAzz

+==

−+−+==  

Properties: - 

(i) ( ) ( ) ( ) 01,121,1,11,1,1 +− zxy  

(ii) ( ) ( ) ( )2600000mod026000001,1,131,1,11 ++ ASOyAx  

(iii) ( ) ( ) ( )190000mod01300002800002200001,1,1, 2 −++− AAA GnoCHCCAwAx  

(iv) ( ) ( ) ( )195000mod0650001600001,1, ,10

52 −−− AA TPAzAw  

(v) ( ) ( ) ( ) 1,11,1,1111,1,110 zxy +−=  

(vi) ( ) ( ) ( ) ( )1,11,1,11,12001,1,1 zxwy −−=  

 

Conclusion 

In this work, we have shown that the non-homogeneous biquadratic equation ( ) 422 651 wzxy =++   has an 

unlimited number of non-zero integral solutions. Given the variety of biquadratic equations, the corresponding integer 

solutions for the other types of biquadratic equations with variables larger than or equal to 4 can be obtained. 
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