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Abstract

In this paper, we have considered the N- Fourier series equations involving generalised Bateman- K
function of the first kind and solve the set of series equations.
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1. Introduction

If the review the literature then we observe that the existing solutions on series equations are derived
only from dual to six fourier series equations. No further generalizations are available till date. This
tempted us to find the solution of N- fourier series equations involving some special functions and in this
paper we have obtained certain results. By considering the special values of n=2,3,4,5,6 we shall be able
to derive solutions of dual , triple, quadruple, 5- tuple and 6- tuple fourier series equations involving
respective special functions.

2. N- series equations of the first kind

N- Series equations involving generalised Bateman K— Functions:

© Am g 2la+o)
Lm=0 7 aprormiD Keomia) ) = filX),  aiq <x<a (1.1)

Wherei=1,3,5........ ,n-1 & ay =0

e A 2(B+0')
Zm=or(2T"frm+1) Kmra) ) = fi(x), a1 <x<q (1.2)

Where j=2,4,6,........ ,n & a, =

22((311?) (x) is the generalised Bateman K- function, A, is an unknown coefficient
fi(x), f2(x), v e fn(x) are known functions in the given interval and a, B, g, v all are parameters > -

1. Here n is taken as an even number.

If n is odd then the above equations will be
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m=0r2B+s+m+1)  2(m+a) i ’ i—1 ; '

Wherei=1,3,5....... ,n & ay, =0, a, =

o0 Bm 2(p+0) _
Zm=0mK2(m+Q)(X) = f}'(X), aj_l <x < aj (14)

Wherej=2,4,6,........ ,n-1

Here we solve only equations (1.1) and (1.2) solution of equations (1.3) and (1.4) can be obtained easily
by following the same procedure.

3. Preliminary Results
1- The orthogonality relation is

©  _(a+20+1) p2(a+o) 2(a+o) _ 22297 (n-0)8mn
Jy x K imso) Q) Ky iray () dx = T (2.1)

Where §,,,,, is kronecker delta and a+0+1 >0, a+1 < 0 for a+o > -1, 3 >0
12 2(ato+
2- [Fer(E—0)f KT A =TB  ef Kyurars(©) (2.2)

and for 2a+o0+n+ 1> > 0 the equation is

r rprQa—p+o+n-—1
,[ e_xx_(zaﬂﬁl)(x _f)ﬂ_l K;((f:g))(x)dx 2 F +(2 +1 f )
J §QRa=p+20+Dr2a + o +n+ 1)

e~ K2 By (23

2(n+a—p)
v TI'Cvto+n+1) ,2(B+0) 2(a+o)
3- S(r,x) = Zn=om1{z(n+ﬁ) (K (y ey (XD (2.4)
4. The Solution
Let us assume
yo ——Am 2@ty g (x) a,_, < x<aq (3.1)
n=0rp+o+m+1)  2(m+a) i) Hi-1 i :

Using Orthogonality relation, we get from equations (1.1) & (3.1)
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re DI g =

ato+m+ +to+m+

i = 22729 (m — 0) Z f faia (0)x~ G20 DL () dx
=0 ay

(n—=2)/2 Qzi4+2

— 2
+ Y[ Bl ax
i=0

Azi+1

Substituting the value of A4,, in equation (1.2), we get

n—2)/2 [A2i+1

[ e Gyr-taerzors
Qzi

[0}

(
ZF(2a+0+m+1)F(2ﬁ+a+m+1)
22020 (m — o) 2v+o+m+ 1)

m=0 i=0
Azit+2
_ 2 2
[ O @G | KD KSR 00 dr = £,00)
Azi+1
a1 <x<a&j=246,...n—2,n (3.2)

Interchanging the order of integration and summation, we get
n-2
T2 A2i+2

D[ Oua I ar = M),

1=0 ayi4q

a1 <x<a&j=246,...n—2,n

Where,
n-2
rv+o+n+1)>? <&
v o n
M — g _ Z f . —(2a+20+1)5 x)d
i) F(2a+a+n+1)r(2ﬁ+a+n+1)f1(x) L faiea ()T (r,x)dr
1= azi
Forallj=2,4,...... , n-2,n. (3.3)

Now in the equation (3.2) if j = k where k is an even number and 2 < k < n we have

k-4
5,20 S 01 ()P~ @ER20HD S (1) + [0 (r) 1 CE2IHDS, (1, x)dr

2

e
a - Qs —
[, 0 () r~Cer2otIs (r,x)dr + 3,2, Joi aih ()T (2a+20+1) 5 (7, x)dr =

e*I'2Qa — 2v)I'(2B — 2v)
220:—21/

M (x), ap_1 <x<a
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Or

x —Qa+20+1) (T E(y)dy dr Ak —(2a+20+1)
Japer @)™ bo ey L BT

X E(y)dy dr e*r(2a—-2v)r(2f-2v)
fo (x—y)1-2a+2V(r_y)1-2B+2v = 22a-2v Mk(x) -
(k—4)/2 Qzi4+2 r

i _ _

L (X —_ y)l 2a+2v(r — y)l 2B+2v

=Y Azitq 0

(n—2)/2 ray; —(2a+20+1) (X E(y)dy dr
Zi=k/2 fa;:lz @2i+2(r)r (2a+20+ )fo (x_y)1—2a+21/(r_y)1—2[?+2v (3'4)

Changing the order of integration in this equation, we get

x E(y)dy ay ¢k(r)r—(2a+2a+1)dr _ e*r(2a-2v)r(2f-2v) Iy
fak—l (x—y)i-2a+2v fy (r—y)1-2B+2v S2a-2v k(x) —
Ak—-1 ag

E(y)dy @k(T)T_(ZOH'ZG"'l)dT
(x —_ y)1—2a+2v (T _ y)1—23+2v

Ak—-1

&
IS

azi+1 Azi+2 —(2a+20+1)
E(y)dy f Doiv2 ()T dr

(x _ y)1—2a+2v (T — y)1—2B+2v
azi+1
A2i+2 azi+

E(y)dy ’ Doy o (r)r~Rat2o+D gy
¥ (X - y)1_2a+2v (‘r — y)1—2ﬂ+2v

|
-
1l M N|
o

Azi+1

— Z(n_z)/z fox E(y)dy fa2i+2 Bpipo ()~ (2a+20+1) gy

i=k/2 (x—y)1-2a+2v Jay; g (r—y)1-2B+2v (3-5)
Assuming,
—(2a+20+1) -
[ ulrr Y o Be(y) ,forallk=2,4,....,n2n (3.6)

y (r—y)1-2B+2v

With the help of equation (3.6) , the equation (3.5) takes the form

X EMBr(Mdy _ e*r(2a-2v)r(2f-2v) Mk(x) 'fak_l E(y)dy fak ¢k(r)r—(2a+20+1)dr
0

ag—1 (x—y)1-2B+2v — 22a-2v (x—y)1—2a+2v gy, 4 (r—y)1-2B+2v
k_
T4 azi+1 azi+2 _(2a+20+1) Azi+2
E(y)dy Baiv2 ()T dr Daur2(V)E(y)dy
' (x — y)1—2a+2v (T‘ _ y)1—2ﬁ’+2v (x — y)1—2a+2v
=0\ o0 Azi+1 Azi+1

_ i ] —(2a+20+1)
- Z(n 2)/2 fox E(y)dy fa21+2 Dot (M)T dr (3.7)

i=k/2 (x—y)1-2a+2v gy g (r—y)1-2B+2v
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This is an Abel type integral equation; hence its solution is given by,

sin (1-2a+2v)w
b4

Ag—1 dx ax  Op(r)r-atzotl)gy
[f E(f) €dy ak 1 (y—x)20-2v(x—§)1-2a+2v fak 1 (T—f)1_23+2"

(k—4)/2 | rQzi dx Apigs Boivg(r)r—a+20+D gy
Z {fo 2t E(f)dé—a fak—l (y_x)Za—zv(x_€)1—2a+2v f 2z 2 +ET—$)1_23+2V +

E()0,(y) = Ak(y) -

Azi+1
A2i42 =y d ry dx
SO RROL 2 Ml (y—x)w-ZV(x—f)l-wm} *
ymeozd gy dx __ (x__EQ)dE _ (aziv ¢2i+2(7’)7‘_(2“+2”+1)dr]
i=k/2 dy Jag—1 (y-x)2a=2vJo (x-§)1-2a+2v Jay; (r_§)1—2ﬁ’+2v
(3.8)
where,
y
sin (1 —2a + 2v)nl'(2a — 2v)I'(2F — 2v) d e*M (x)dx
Ax(y) = T 22a-2v T, (y — x)2a-2v
ag-1
forallk =24,6,...n—2,n (3.9)
Inverting the order of integration in the last integral of equation (3.8)
S sin (1 — 2a + 2v)m
E@0x(y) = Ax(y) — -
Q-1 Ak
dx @k(r)r—(2a+20+1)dr
E(f)dé— 2a-2v 1-2a+2v 1-2p+2
(y x) (x=$) (r — 12+
0 k-1
(k—4)/2 (A2i+1 Azi+2
d dx ®2i+2(r)r—(2a+2cr+1)dr
+ Z J E(f)dfa J (y — x)2a—2v(x — 5)1—2a+2v f (T — 5)1—2ﬁ+2v
=0 0 k- 1 Azi+1
azi+2
dx
T 1 Lo e
azi+1 ak 1
(n— 2)/2 ag—-1 y azi+2
dx Boisr (r)r—(2a+20+1)dr
+ z f E(§)d¢ f (y — x)2a-2v(x — §)1-2a+2v f (r — &)1-26+2v
i= k/2 Ak—-1 Azi+1
d d faivz 1) ( ) —(2a+20+1)d
X 1o ()T r
+— | E@)d f - = ST
dy ( x)2a-2V(x — §)1-2a+2v (r — &)1-2B+2v
Ag-1 Azi+1
(3.10)
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Using the results

y
f a (y-x)l-mE-Hm  (y-t)(y-a)l-m

_pl-m
dx _ (a—-t) (3'11)

dx T

and ff = (3.12)

t (§—x)2a-2v(x—t)1-2a+2v  sin (1-2a+2v)m

Equation(3.10)will take the form

E)0,(y) = Ac(y) —

sin(1 -2a+2v)m
(y — a )Za 2v

N E(&)(ay_, — §)*2Vd¢ p 0, (r)r—a+t2o+D gy

=95 (r — &)1-2p+2v
Ap—1
(k—4)/2 (Q2i+1 azi+2
+ Z f E(§)(ax-1— f)za_zvdf D2it2 (T)T_(2a+20+1)d7”
. o-o T e-prm
N f E(©) (s — 2 Bri0n ) dE
N o-9
FS j E©)(@er = O™ e [ Baa()rC4 240y
o o-o ) T a-pw
n- 2/2 Azi2
) ; (T‘)T‘ (2a+20+1)dr
z j E(§)ds j = — &)1 2p+2v
i=k/2 ak 1 Azi+1

Equation (3.7) is also an Abel type integral equation hence its solution will be

ak -
B, (r)yr—Ca-20-1) = _ sin (1 -2B+2v)m d O, (y)dy
. s dr ) (y—r)2f-2v
T
Forallk=2,4,6, ....n. (3.13)
Therefore,
ag Ak _
O (r)r~ 27207 5in (1 -2 + 2v)7 0,.(y)dy

(r =252 (e, — )7 | (y = — ap_1)?F

Ag-1 Ag-1
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Forallk=2,4,6, .....n. (3.14)

Applying the result (3.14) in equation (3.12) and also applying the Leibnitz theorem, we get

sin(1 —2a + 2v) wsin(1 -2 +2v)

E)0,(y) = Ac(y) — (Y — aj_,)2%2v

Ak-1

f E(E) (@ — €)2% 2 (@ — £)25-2Vd¢ f Br(Ddt
o-9 C— Ot — ag_ )P

0 k-1
(k=4)/2 (Qz2i+1

E(E)(@rr — 6% (agipr — OF2AE [ Braa(Ddt
" Z Of ) f (t— Ot — aye) P2
[ E()(ap—s — £)22dg
—2v) f [GLL j- (t — T)1+2[5’ 2v (y_égc(;_f)l—wﬂv

azi+1 azi+1 azi+1
(n-2)/2 k-1

E(E) (s — £ (agigy — O 2dE [ Boa(Ddt
* Z j -4 j (t —&E(t — azp1)?h?

- (28

azi+2

i=k/2 0 Azit1

_ yn-2/2sin(1-2a+2v)w d oy ' 23 2v g [G2it2 D2r+2(t)dt
Zi=k/2 —n dy fa E(f)(azwl ) gf Azit1 (t—f)(t—aziﬂ)zﬁ_z”

This equation can be written as

(k—4)/2 A2i+2

F0BG = 40D~ | BOILende= Y [ Tara@Rarat)de

ak-1 =0 ap;iq
Zgn ki;/z fa<1221+12 D242 T2j42(E, y)dt (3.15)
Where
sin(1 —2a+2v)wsin(1 -28+2v)« 1
Li(t,y) = 2 (v — 2a-2v a 2B—2v
2 (y — ak-1) (t — ax-1)

j‘ak—l E(&)(ax—,—§)2t2F~4qg
0 y-6)(t-%)
sin(1 —2a+2v)mwsin(1—-28+2v)w
(= ag )

(3.16)

Ryit2(t,y) =
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2t 2a-2 2p-2
1 J' E(&)(ax—1 — §)* * (a1 — ) vdf_(zﬁ
(t — api_)?F~% Y= —=%)

—2v) f dr [ E@)(a, — £ 2ds
(t — r)1+2[3—21/ (y — S;)(r — 5)1—2ﬁ+2v

azi+1 azi+1
Where =0, 1, 2, .con...... (k-4)/2 (3.17)
sin(1 —2a+2v)n 1
T2j+2(t:Y) = T 28-2v
(t — azjs1)

sin(1-2a+2v)n fak_l E(§)(ag—1—-§)2%"?(azj41—-§)?F~2vag ify E(§)(azj+1—-8)*P~2vag
n(y—ag-1)*72v -0 -9 dy ~Ak-1 -9

Now substituting k = 2, 4, 6, ........ n-2, n in equation (3.15) we will get n/2 simultaneous Fredholm
integral equations with the help of these n/2 simultaneous equations we can determine the values
D,(¥),04(¥), v ver e . D (y) and then the values @, (x), D4 (X), we cev v vee e . D ().
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