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1.INTRODUCTION

In 2014, the pioneering work of Salama, Smarandache, and
Valeri [10] introduced the concept of Neutrosophic closed sets
and Neutrosophic  continuous  functions.  Subsequent
advancements by Salama and Alblowi [10] led to the
development of generalized Neutrosophic sets and generalized
Neutrosophic topological spaces. Notably, the idea of NOS
(Neutrosophic Open Sets) gained prominence through the
contributions of Wadel and Smarandache [14]. Furthermore,
Ishwarya and Bageerathi [8] offered insights into the
perspective of NSO (Neutrosophic Sets) within the framework
of Neutrosophic topological spaces. In their publication [25],
Rajeshwaran N and Chandramathi N presented the novel idea
of Neutrosophic generalized semi pre closed sets within the
realm of Neutrosophic topological spaces. Similarly, in
another work [26], they introduced the concept of
Neutrosophic generalized semi pre Homeomorphisms in the
same context. This manuscript seeks to define and investigate
the concept of Neutrosophic generalized semi pre-connected
space, delving into its inherent properties. The study
encompasses an exploration of various related notions and
introduces a collection of noteworthy theorems within this
domain.

2. Preliminaries

Definition 2.1: [10] A neutrosophic topology (NT for short) a
non-empty set X is a family ty of neutrosophic subsets in X
adheres the following axioms

(NT1)0y, 1y € Ty

(NT2)G; NG, E 1y

(NT3)UG; €1y, V{Gi:i EJ} S 1y

Here (X,ty) is called a neutrosophic topological space (NTS
for short).

Definition 2.2: [10] Let A;and A, be two Neutrosophic Sets
(NS for Short) of the form

Ar = (X 1y, (%), 0, (X), 7, (X)): xeX} , A, =
X1y, (%0, 04, (X0, 7, (X)): XX}

(@) A, € A, ifand only if

ba, 00 < 1y, (%), 0, (X) < 05, (X) andy, (X) 2

yAz(X) forallx € X

() As© = {(X,7,, (%), 1 = 04, (X), 1, (X)): XX}

()AL NA; =

(X, 1y, AR, (), 04, (X) A 0, (X),7,, (KO, (X)): xeX}
(DA, VA, =

(X, 1y, OV, (X, 04, (X0 V 04, (0,7, (0T, (X)): xeX}
We can use the symbol A; = {(X, n, (X), 54 (X),v,(X)): xeX}

Definition 23: [25] Let (X,ty) be a neutrosophic
topological space. A subset A of (X,1y) is called
Neutrosophic generalized semi pre closed [NGSP -closed] set
if spcly(A) €U,  whenever AcCU and U is
Neutrosophic open set.

3.Generalized Semi Pre Regular and Normal Space
in Neutrosophic Topological Spaces

In this paper we introduce the new concept namely
Neutrosophic  generalized semi pre regular space in
neutrosophic topological spaces. We delve into the
foundations of Neutrosophic generalized semi-pre regular
space.

Definition 3.1.1: A topological space (X,ty) is said to be
NGSP regular if for each NGSP closed set M of (X ,‘C/v) and
each point x € X — M, there exist disjoint open sets P and Q of
(X,1y) such that x € Pand M € Q. Since every NG-closed
set is NGSP-closed set so every NGSP regular space is NG
regular space.

Definition: 3.1.2 A Neutrosophic topology (X ,1y) is said to
be (NGSP, NGS) regular if for each NGSP closed set of
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(X,ty) and each point x € X — M, there exists disjoint NGS
open sets P and Q of (X, 1y) such thatx € Pand M € Q.
Theorem 3.1.3: A Neutrosophic topological space
(X,ty) is a NGSP regular if and only if for each NGSP
closed set M of (X,ty) and each point x € X — M, there
exist open sets P and Q of (X,ty) such thatxeP: M < Q
and cly(P) N cly(Q) = ¢.

Proof: Necessity: Let M be a NGSP closed set of (X, ) and
x € X — M. There exist Neutrosophic open sets P, and Q of
(X, ty) such that x € Py,M € Q and P, N Q = ¢, hence P, N
cly(Q) = ¢. Since (X,ty) is NGSP regular, there exist
Neutrosophic open sets G and H of (X,ty) such that x €
G,cly(Q) S H and GNH = ¢, hence cly(G) N H = ¢. Now
put P =P, N G, then P and Q are Neutrosophic open sets of
(X,1y) such that xe P,M < Q and cly(P) ncly(Q) = ¢.
Sufficiency: This is obvious.

Theorem 3.1.4: Let (X, ty) be a Neutrosophic topological
space then the following statements are equivalent:

(i) Let (X , T.N) is NGSP regular space.

(ii) For each point x € (X, 1y) and for each NGSP open
neighbourhood W of x, there exists a Neutrosophic open set of
X, such that cly(Q) & W

(i) ~ For each point of x € (X,ty) and for each NGSP
closed not containing X, then there exists a Neutrosophic open
set Q of X, such that cly(Q) N M = ¢.

Proof: (i)=(ii) Let W be a NGSP open neighbourhood of x.
Then there exists a NGSP open set G such that x € X S W.
Since X — G is NGSP closed set and x ¢ X — G, by hypothesis
there exist Neutrosophic open sets P and Q such that X — G <
P,x€Qand PNnQ=¢ and so Q € (X—P). Now cly(Q) €
cy(X—P)=(X-P) and (X—G) S P implies (X—P) <
G = W. Therefore cly(Q) = W.

(ii)=(i) : Let M be any NGSP closed set of x ¢ M. Then x €
X—M and X —M is NGSP open and so X — M is a NGSP
open neighbourhood of x. By hypothesis there exists a
Neutrosophic open Q of x such that x € Q and cly(Q) <
(X—=M) which implies M < (X —cly(Q)). Then (X-
cly(Q)) is Neutrosophic open set containing M and Q N (X —
cly(Q)) = ¢ . Therefore (X '?N) is NGS'P regular space.
(ii)=(iii) : Let x € X and M be a NGSP closed set such that
x € M. Then (X — M) is a NGSP open neighbourhood of x
and by hypothesis there exists a Neutrosophic open set Q of x
such that cly(Q) € (X — M) and therefore cly(Q) N M = ¢
(iii)=(ii) : Let x € X and W be a NGSP open neighbourhood
of x then there exists a Neutrosophic GSP open set G such
that x € G € W. Since (X —G) is NGSP closed and x ¢
(X — G) by hypothesis there exists a Neutrosophic open set
Q of x such that cly(Q) N (X — G) = ¢. Therefore cly(Q) <
Gcw.

Theorem 3.1.5: A Neutrosophic topological space
(X,rjv) is a NGSP regular space if and only if given any
x € P and any Neutrosophic open set P of (X,1y) there is a
NGSP open set Q such that x € Q S gspcly(Q) € P.

Proof: Let P be a Neutrosophic open set, x € P. So X — P is
closed set such that x ¢ P. Since X is a NGSP regular space
then there exist a Neutrosophic GSP open sets Q; and Q, such

that Q; NQ, = ¢, X—P < Q,, x€ Q. Since Q; NQ, = b,

we have gspcly(Q,) € gspcly(X — Q) = X — Q,. Since X —
Pc Q,, we have X—Q, € P. Hence we have x€ Q; S
gspcly(Q) € X—Q, S P.

Conversely, let M be a Neutrosophic closed set in X and x €
X — M. So X — M is a Neutrosophic open set such that x € X —
M. Hence there exists a NGS'P open set P such that x € P C
gspcly(P) € (X—M). Let Q =X —gspcly(Q). So Q is a
NGSP open set which contains M and P N Q = ¢. Hence X is
a NGSP regular space.

Theorem 3.1.6: Let (X, ty) and (Y,oy) be a Neutrosophic
topological space and (Y, cy) is a regular. If @y : (X,ty) —
(Y, GN) is Neutrosophic closed GSP irresolute and one to
one then X is a NGSP regular space.

Proof: Let M be a closed set in X, x & M. Since ¢ is closed
mapping, then ¢, (M) is closed set in (Y,oy), oy(x) =y €&
@y(M). But (Y, GN) is NGSP regular space then there are two
Neutrosophic open sets P and Q in (Y, o) such that ¢ (M) <
Q. y€P,PnQ=d.Since @yis NGSP-irresolute mapping
and one to one so @y~ (P), @y~ (Q) are two Neutrosophic
open sets in X and x € @5 1(P), M € 9y (Q), @y *(P) €
@N‘l(Q) = ¢. Hence X is NGSP regular space.

Theorem 3.1.7: A Neutrosophic topological space (X ,1y) is
a (NGSP, NGS) regular space if and only if given NGSP open
set P with x € P, there exists NGS open sets Q such that x €
Q S scly(Q) = P.

Proof: Let P be a NGSP open set, x € P. So X — P is a NGSP
closed set such x & X —P. Since (X,1y) is (NGSP, NGS)
regular space then there exist NGS open sets Q, and Q, such
that Q; NQ; = ¢, X—P S Q, x€Qq. Since Q; NQ; = &,
we have scly(Qq) € scly(X —Q;) = X —Q,. Since X—P &
Q, we have X—Q,<SP. Hence we have x€Q; C
scly(Qq) € X — Q, & P. Conversely, let M be a NGSP closed
set in (X,TN) and x € X — M. So X — M is a NGS open set
such that x € X — M. Hence there exists a NGS open set
Psuch that x€PCscy(Q €X—-M Let Q=X-
gspcly(Q). So Q is a NGS open set which contains M and P N
Q = ¢. Hence X is a (NGSP, NGS) regular space.

3.2 NSP, NGSP normal spaces

In this section, we delve into the fundamental
concepts and properties of generalized semi pre normal space
in Neutrosophic topology, exploring their significance in
Neutrosophic topology.

Definition 3.2.1: A Neutrosophic topological space (X, ty) is
said to be NGSP normal if for any pair of disjoint NGSP
closed sets A and B, there exist disjoint Neutrosophic open
sets Uand VsuchthatA c UBcC V.

Since every NG-closed set is NGSP-closed set so every NGSP
normal space is NG normal space.

Theorem 3.2.2: A Neutrosophic topological space (X,r]v) is
a NGSP normal space if and only if any disjoint NGSP closed
sets P and Q of (X, 1), there exist Neutrosophic open sets M
and N of (X,ty) such that Pc M,Qc N and cly(M) N
CIN(N) = Q.
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Proof: Necessity: Let P and Q be any disjoint NGSP-closed
sets of (X, 1y). There exist Neutrosophic open sets M, and N
of (X, ty) such that P My, Q € N and My NN = ¢ hence
M, N cly(N) = . Since (X, 1y) is NGSP normal there exist
Neutrosophic open sets G and H of (X,1y) such that P c G,
cly(N) c H and Gn H = ¢, hence cly(G) N H = ¢. Now put
M = M, NG, then M and N are Neutrosophic open sets of
(X ,rj\,) such that P « M,Q < N and cly(M) n cly(N) = o.
Sufficiency: Obvious.

Theorem 3.2.3: A Neutrosophic topological space (X ,ty) is
said to be a NGSP normal space if and only for every
Neutrosophi closed set F and for every Neutrosophic open set
G contain F there exist NGSP open set M such that Fc M c
gspcly(M) c G.

Proof: Let F be a Neutrosophic closed set in (X,1y) and G be
a Neutrosophic open set in (X, ty) suchthatF c M, X — Gisa
Neutrosophic closed set and (X — G) N F = ¢. Since (X, ty)
is NGSP normal space then there exist open sets M and N of
(X,1y) such that MNN=¢, X—GcNand Fc M, Mc
(X — N). Since every Neutrosophic open set is NGSP open set
and hence M and N are NGSP open sets of (X, 1y) such that
gspcly(M) c gspcly(X—N) =X—-N. Hence FcMc
gspcly(N) € (X—N) c G.

Theorem 3.2.4: If Py (X'T.N) - (Y, G.N) is a open NGSP-
irresolute bijection and (X, ty) is NGSP normal, then (Y, oy)
is NGSP normal.

Proof: Let P and Q be any disjoint NGSP closed sets of
(Y, o). Since Py is NGSP-irresolute, (p/V_I(P) and (pj\,_l(Q)
are disjoint NGS'P closed sets (X,;N). Since (X,;N) is
NGSP normal then there exists disjoint Neutrosophic open
sets M and N such that (pN"(P) cM and (pN_[(Q) cN.

Since ¢, is Neutrosophic open and bijectivity, we obtain P c
oy(M), Q9 (N), @\(M) N g, (N) =¢ and also ¢, (M)
and (p/V(N) are Neutrosophic open sets of (Y, G/V). This shows
that (Y, GN) is NGSP normal.

Theorem 3.2.5: The following properties are equivalent for a
space (X, Ty).

(i) (i) (X, tv) is (NSP ,NGSP)- normal

(i) (if). For any pair of disjoint Neutrosophic semi pre
closed sets P and Q of (X,TN), there exist disjoint NGSP
open sets M and N such that P c Mand Q c N.

(iii) (iii). For any Neutrosophic semi pre closed set P and
Neutrosophic semi pre open set N containing P, there exists
NGSP open set M such that P ¢ M c spel, (M) € N.

Proof: (i)=(ii) This proof is obvious since every NSP open
set is NGSP open set.

(i))=(iii) Let P be any NSP closed set and N be a NSP open
set containing P. Since P and X-N are disjoint NSP closed set
of (X,T/v), since P and X-N are disjoint NSP closed sets of
(X,TJ\;), then there exist NGS'P open sets M, W of (X,TN)
such that Pc M, X—NcW and MnNN =g,since Mn
spintN(W) =¢. We have spclN(M) n spintN(W) =¢ and
hence spclN(M) cX-— spintN(W) c N. Therefore, we obtain
P c M c spcl(M) c N.

(iii)=(i) Let P and Q be any disjoint NSP closed sets of
(X,T_N). Since X-Q is a NSP open set containing P, there
exist a NGSP open set G, such that P € G ¢ spclN(G) cX-—
Q, we have P c spclN(G). Put M = spintN(G) and N =X —
spclN(G). Then M and N are disjoint NSP open sets and
hence are disjoint NGSP open sets such that P c M and Q
N. Therefore (X ,1y) is (NSP,NGSP)- normal.

Definition: 3.2.6 A function ¢, : (X,v) = (Y, 0y) is called
Neutrosophic pre generalized semi pre closed (brifly, NP
GSP closed) if for each Neutrosophic semi pre closed set D of
(X, ), (D) is NGSP closed set in (Y, op).

Theorem 3.2.7: A surjective function ¢, : (X, 1y) =

(Y,oy) is a NP GSP-closed if and only if for each subset D
of (Y, QN), and NS'P open set M of (X 'T.N) containing
(pN'I(‘D), there exists a NGSP open set N of (Y, c/\,) such that
D c N and (pN‘I(N) c M.

Proof: Necessity: Suppose that ¢y is NP GSP closed. Let D
be any subset of (Y,oy) and M be NSP open set of (X, 1y)
containing @y~'(D). Put N=Y — ¢y (X—M). Then N is
NGSP openin (Y,oy), D © Nand ¢y *(N) c M.
Sufficiency: Let W be any NSP closed set of (X,1y). Put
D =Y — @y(W), then we have @y '(D) € X — W and X-W
is NSP open in (X,;N). There exists a NGSP open set N of
(Y,oy) such that D = Y — (W) © N and @5 *(N) € X —
W. Therefore, we obtain ¢,(W) =Y — N and hence @y (W) is
NP GSP closed in (Y,oy). This show that ¢y is NP GSP
closed.

Theorem 3.2.8: If ¢, : (X,7v) — (Y, 0y) is a Neutrosophic
semi pre-irresolute pre GSP-closed surjection and (X, ty) is
semi pre normal. Then (Y, oy) is (NSP ,NGSP)- normal.
Proof: Let P and Q be any disjoint NGSP closed sets of
(Y,on). Then @y '(P) and @y '(Q) are disjoint
Neutrosophic semi pre closed sets of (X,ty), as @y is
Neutrosophic ~ semi pre-irresolute. ~ Since (X, ty) is
Neutrosophic semi pre normal exist disjoint Neutrosophic semi
pre open sets M and N of (X, ty) such that @5~ (P) < M and
@y~ (Q) © N. Since ¢y is Neutrosophic pre GSP-closed. By
theorem 3.2.7 there exists NGSP open sets G and H such that
Pc G QcH, ¢y ' (G) c Mand @y ' (H) c N. Since M and
N are disjoint, we have G N H = ¢. This show that (Y, oy) is
(NSP NGSP)- normal.
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