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Abstract

The aim of this paper is to introduce a
new class of set called nano & generalized
closed sets in nano topological spaces is
introduced and some of their basic properties
are investigated. Also we investigate its
relationship with other types of closed set in
nano topological spaces.
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Introduction

Levine [4] Introduced the class of g-
closed sets, a super class of closed sets in
1970. This concept was introduced as a
generalization of closed sets in Topological
spaces through which new results in general
topology.  Recently  Lellis  Thivagar
introduced nano topological space with
respect to a subset X of a universe which is
defined in terms of lower and up- per
approximation of X. The elements of nano
topological space are called nano open sets.
He has also defined nano closed sets, nano

interior and nano closure of a set. He also
introduced the weak forms of nano open
sets. Bhuvaneswari [2] introduced nano g-
closed sets and obtained some of the basic
interesting results. In this paper, we define a
new class of sets called nano 6 generalized
closed and its open sets in nano topological
spaces and study the relationships with other
nano sets.

Preliminaries

Definition 2.1. [3] Let U be a non-empty finite
set of objects called the universe and R be an
equivalence relation on U named as the
indiscernibility relation. Then U is divided into
disjoint equivalence classes. Elements belong-
ing to the same equivalence class are said to be
in discernible with one another. The pair (U, R)
is said to be the approximation space. Let Xc U.

e The lower approximation of X with
respect to R is the set of all objects,
which can be for certain classified as X
with respect to R and it is denoted by
Lr(X). That
is LR(X) = Uyu{R(x): R(x)c X}. where
R(x) denotes the equivalence class
determined by x e U .
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e The upper approximation of X with
respect to R is the set of all objects,
which can be for certain classified as X
with respect to R and it is denoted by
Ur(X). That is

Ur(X) = UgeufRX):R(X) N X # ¢}.

e The boundary of the region of X with
respect to R is the set of all objects,
which can be classified neither as X nor
as not X with respect to R and it is
denoted by Bgr(X). That is Br(X) =

Ur(X) = Lr(X).

Definition 2.2. [3] If (U, R) is an

approximation space and X,Y < U, then

Lr(X) =X c Ur(X)

Lr(@) = Ur(@) = @

Lr(U) = Ur(U) =U

Ur(XUY) = Ur(X) U Ug(Y)

Ur(X N Y) = Ur(X) N Ug(Y)

Ur(X UY)2Ur(X) U Ug(Y)

Ur(X NY) = Up(X) N Ug(Y)

Lr(X)cLg(Y) and Ur(X)cUg(Y)

whenever XcY

o Ur(X9) =[Lr(X)]°
[Ur(X)]°

o Up(Ur()) = Lp(Ur(X)) = Ur(X)

o Lp(Lp(X)) = Ur(Lp(X)) = Lr(X)

and Lgp(X¢) =

Definition 2.3. [3] Let U be the Universe and R
be an equivalence relation on U and t3(X) =
{U, @ Lg(X),Ug(X),Bg(X)} where XcU.
TR (X) satisfies the following axioms:
e Uand® € t3(X).
e The union of elements of any
subcollection of Tz (X) is in Tz (X) .

The intersection of the elements of any finite
subcollection of Tx(X) is in 7x(X) . We call
(U,7x(X)) is a nano topological space. The
elements of Tz (X) are called a open sets and the
complement of a nano open set is called nano
closed sets.

Throughout this paper (U,7z(X)) is a nano
topological space with respect to X where Xc U
, R is an equivalence relation on U, U/R denotes
the family of equivalence classes of U by R .

Remark 2.4. [3] If t5(X) is the nano topology
on U with respect to X . The set B =
{U, Lg(X), Bg(X)} is the basis for 7z (X).

Definition 2.5. [3] If (U, TR (X )) is a nano
topological space with respect to X. Where Xc G
and if Ac G ,then

e The nano interior of the set A is defined
as the union of all nano open subsets
contained in A and is denoted by
N int(A) , Nint(A) is the largest nano
open subset of A .

e The nano closure of the set A is defined
as the intersection of all nano closed sets
containing A and is denoted by Ncl(A).
Ncl(A) is the smallest nano closed set
containing A .

Definition 2.6. [3] Let (U,7z(X)) be a nano
topological space and A < G. Then A is said to
be
(1) nano pre open if
A cNint(Ncl(A)) and Pre-closed if
Ncl(Nint(A)) cA
(i1) nano regular-open if A=
N int(Ncl(A)) and nano regular closed
if A= Ncl(Nint(4)).
(iii)  nano o -open if
A c N int(Ncl(Nint(A))) and o -closed
if Ncl(Nint(Ncl(A))) cA.

Definition 2.7. [2] Let (U, ‘L'R(X)) be a Nano
topological space. A subset A of (U, 7z(X)) is
called Nano generalized closed set (briefly N g

closed) if Ncl(A) cG where A cG and G is
Nano open.

3. Nano delta generalized Closed sets
We introduce the following definitions.

Definition 3.1. The nano § interior of a subset
A of X is the union of all nano regular open set
of X contained in A and is denoted by nano-
6 int(A). The subset A is called nano- § open
if A = nano § int(A), ie. A set is nano § open
if it is the union of nano regular open sets.
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The complement of a nano § open is called
nano & closed. Alternatively, a set
Ac (U,tg(X)) is called nano & closed if
A =nano 6cl(A), , where nano &cl(A) =
{N int(cl(G)) NA+#@Getg(X)and x € G}.

Definition 3.2. nano § generalized closed set
(briefly N&g closed) if nano & cl(A)cG
whenever Ac G and G is nano open in U .

Example 3.3. Let U = {a,b,c,d} with
U/R = {{a},{c},{bd}} . Let X =
{a,d}} cU and
wR(X) = {@,{a},{a,b,d},{b,d},U. Then N&g
closed sets are { @, {c},{a, c}, {b, c}, {c,d},
{a,b,c},{b,c,d},{a,c d}}.

Theorem 3.4. Every N& closed set is Nog
closed.

Proof: Let A be a N§ closed set and U be any
nano open set containing A. Since A is N&
closed, N&cl(A) = A . Therefore Nécl(A) =
Ac U and hence A is Nég closed.

Remark 3.5. The converse of the above
theorem need not be true as shown in the
following example.

Example 3.6. Let U = {ab,c,d} with
U/R = {{b},{c},{a,d}} . Let X = {a,b}cU
and tR(X) = {,{b},{a,b,d},{a,d},U} . Then
Nég closed sets are {o, {c}.{a, c}, {b, c}, {c,
d}, {a, b, ¢ }, {b, ¢, d}, {a, ¢, d}, U} and N§
closed sets are { o, {c}, {a, c}, {b, c, d}, U} .
Here the set {b, c} is Ndg closed but not N§
closed set.

Theorem 3.7. Every N&g closed set is Ng
closed.

Proof. Let A be a Ndg closed set and U be any
nano open set containing A .Since every nano &
closed is nano closed, we have Ncl(A) =
N 8cl(A) < U. Therefore N cl(A)c U and hence
Ais Ng closed.

Remark 3.8. The converse of the above theorem
need not be true as shown in the following
example.

Example 3.9. Let U = {a,b,c,d} with
U/R = {{a},{c},{b,d}. Let X ={a,d}c U and
wR(X) = {o,{a},{a,b,d},{b,d},U} . Then N &g
closed sets are {¢, {c},{a, c}, {b, c}, {c,d},
{a,b,c},{b,c,d},{a,c,d}} and Ng closed sets
are { ¢, {b}, {c},{a, ¢}, {a, d}, {b, c},{c,d},
{a,b,c},{b,c,d},{a,b,d},{a,c,d}}. Here {b} is
N &g closed but not N g closed.

Theorem 3.10. Union of any two Né&g -closed
subset is N&g -closed

Proof. Let A and B be any two Ndg closed sets
in U, such that A < U and Bc U where G is nano
open in U and so AUBc G Since A and are
Nég - closed, we have Ac N&cl(A) and
B< N&cl(A) and hence AUBc N 6cl(A) U
N 6cl(B)c N &cl(A UB) . Thus AUB is Nég
closed in (U, TR (X)).

Example 3.11. Let U = {ab,c,d} with
U/R = {{a},{b},{c,d}}. Let X ={a,c}cUand
wRX) ={o,{a},{a,c,d},{c,d},U} Then N dg
closed sets are {¢, {b},{a, b}, {b, c}, {b,d},
{a,b,c},{b,c,d},{a,b,d},U}. Let A = {a,b} is
Nég closed and B = {b,d} is Ndg closed then
AU B = {a,b,d}is also N§g closed.

Theorem 3.12. Intersection of any two NJg -
closed subset is Nog -closed

Proof. Let A and B be any two N§g closed sets
in U, such that A c U and Bc U where G is nano
open in U and so ANBc G Since A and are
Nég - closed, we have Ac N&cl(A) and
Bc N6&cl(A) and hence ANBc N&cl(A) U
N 6cl(B) N &cl(A NnB) . Thus ANB is Ndg
closed in (U, TR (X)).

Example 3.13. Let U = {ab,c,d} with
U/R = {{a}, {b},{c, d}}. Let X ={a,c}cUand
wR(X) ={o,{a},{a,c,d},{c,d},U} Then N og
closed sets are {¢, {b},{a, b}, {b, c}, {b,d},
{a,b,c},{b,c,d},{a,b,d},U}. Let A = {a,b} is
Nég closed and B = {b,d} is Ndg closed then
A NB = {b}isalso Nég closed.

Theorem 3.14. If A is Ndg closed subset of U
such that AcBcN&cl(A) , then B is a
N &cl(A) closed setin U .
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Proof. Let A be a Ndg closed set of U such that
Ac Bc N &cl(A). Let G be a nano open set of U
such that B <G, then A <G . Since A is Nég
closed. We have N&cl(A)cG . Now
N &cl(B) =N SCI(N 6cl(A)) c G . Therefore B is
Nég closed setin U .|

Theorem 3.15. A subset A of (U, 75(X)) is N&g
closed if N 6cl(A) — A.contains no nonempty
Nég closed set.

Proof. Suppose if A is N§g closed. Then
N &cl(A)c G where Ac G and G is nano open.
Let Y be nano closed subset of N 6cl(A) — A .
Then A <Y€ and Y is nano open. Since A is
N 6g closed N 8cl(A)c Y€ or Y = [N &cl(A)]€ .
That is Y Nocl(A) — A . Therefore Y =
[N 8cl(A)] N[N &cl(A)] = @.HenceY = @.

Definition 3.16. A subset A of a nano
topological space (U, tr(X)) is called nano o
generalized open if A€ is N§g closed.

Theorem 3.17. A subset Ac Uis N§g open iff
Fc N int(A) whenever F is a nano closed set and
FcA.

Proof. Let A be N&g open. Suppose
Fc Nint(A) whenever F is a nano closed and
Fc A. Let Ac G where G = F€ is nano open.
Then G°c A and G°c N int(A) . Then we have
A° is N8g closed. Hence A is N&g open.
Conversely, If A is N6g open, Fc A and F is
nano closed. Then F€¢ is nano open and A°c F .
Therefore Ncl(A)c (F€) But Ncl(A€) =

(N int(A))C. Hence F < N int(A).

Theorem 3.18. If Nint(A)c Bc A and if A is
Nég open, then B is Ndg open.

Proof. Let Nint(A)c Bc A, then A€ is Nig
closed and hence B® is also N§ g closed by
above theorem. Therefore B is N6g open.

4. Nano &g -Interior and Nano é&g
Closure

Definition 4.1. Let (U, TR (X)). be a nano
topological space and A U then Nano 6g -
interior is defined as N &g —int(A) =U{B:
Bisnano g — open, B c A} . Clearly Nég —

int(A) is the largest nano §g -open set over U
which is contained in A .

Definition 4.2. Let (U ,TrR(X )). be a nano
topological space and A c U then Nano d8g -
closure is defined as N&g — cl(A) =n {F:
Fisnano ég closed, AcF} . Clearly Nég —
cl(A) is the smallest nano §g -closed set over U
which is contains A .

Lemma 4.3. Let A and B be any two subsets of
U in a nano topological spaces (U, TR (X)) and
the following are true
(i) No6g — int(A)c A
(i) A cB = Nég —
int(B) © N ég — int(B)
(iii) N 6g — int(A) U N ég —
int(B)c N &g — int(A U
B)
(iv) Nog — int(A) N Nég —
int(B) cN &g — int(A n
B)

Lemma 4.4. For a subset A of U .
(i) Nég — cl(A) < Ncl(A)
(i) N 8g — int(A) c N &g — cl(A)

Lemma 4.5. A subset A of U is nano o
generalized closed if and only if A =
N &cl(A)

Lemma 4.6. Let A and B be two subsets of nano
topological space (U ,7r(X)). Then
(i) Nég —int(U) =U and Nég —
int(®) = o.
(i) N6g — int(A) c A
(iii) If B is any N&g - open set contained in
A ,then BcNé6g — int(A)
(iv) If Ac B, then N6g — int(A)c N6g —
int(B)
(v) Nég — int(N6g — int(A)) = Nég —
int(A)
Proof.
(i) Let U and ¢ are N&g open sets.
Nég —int(U) =U{B:BisaNSg —
open, Bc U} =UUallN5g —
open sets = U. (ie) N6g — int(U) =
U . Since ¢ is the only N&g -open set
contained in ¢ , N6g — int(®) = @.
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(i) Let x € Nog —int(A) =x is a
interior point of A.
= A is a neighbourhood of x.
=>x€EA.
Thus, (ie) x € N6g — int(A)=>x €
A. Hence N 8g — int(A)c A.

(iii)) Let B be any N 6g -open sets such
that Bc A. Letx € B. Since Bisa N
0g -open set contained in A . x is a
N &g - interior point of A. (ie)
x € N6g — int(A) . Hence B €
N &g — int(A).

(iv) Let A and B be subsets of
(U,TR(X)) such that Ac B. Let
x € N&g — int(A). Then x is a
N &g-interior point of A and so A is
a N 6g-neighbourhood of x. Since
AcB , B is also N& -
neighbourhood of x. This implies
x € No6g — int(B) . Thus we
have  shown  that Né&g —
int(A) c N 6g — int(B).

Theorem 4.7. If a subset A of space (U, TR (X ))
is N&g - open, then N§gint(A) = A.

Proof. Let A be N&g -open subset of
(U,TR(X)). We know that Nég — int(A)CA.
Also, A is N§g -open set contained in A. From
above theorem 4.7, AcN§g — int(A) . Hence
Nég — int(A) = A.

Theorem 4.8. Let A be a subset of a nano
topological space (U ,Tr(X )) . Then
(i) (N6g —cl(A))" = N&g — int(A°)
{F:Fis N&g closed, Ac F }
(i) (N8g — int(A))" = N&g — cl(A°)

Proof.

() (N&g —cl(4)) =
(N {F:F is N6g closed, Ac F })°¢

=U {FC:F°is N6g open, F¢c A°}
= Nég int(A°)
(i) (N6g — int(4)) =
(U{B:Bis N6g open, Bc A })¢

=N {B:B¢is Nog closed, A°c B¢}
= N&g cl(A°)
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