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Abstract

We introduce a class of synchronous Boolean dynamical systems on finite loop-less directed graphs in which the
evolution of each vertex is governed by a prime-count activation rule. Specifically, a vertex assumes the active
state at the next iteration if and only if the number of its active incoming neighbors is a prime inte-ger. This
family of systems, referred to as Pulse Graphs, provides a new framework for investigating nonlinear discrete
dynamics generated by arithmetic constraints on local interactions. The dynamics on complete directed graphs
admit a complete analytical description. We show that every trajectory converges after at most three
synchronous iterations to either a fixed point or a complementary two-cycle, derive exact formulas for the
number of attractors, and obtain the activation probability
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under independently generated random initial configurations. For sparse random directed graphs, a Poisson
mean-field approximation yields a fold bifurcation at

ke =7.86963, U =3.36241,

which marks the emergence of bistability in the system. For arbitrary network size, we prove that the longest
attainable attractor grows exponentially and satisfies

225 ] <L(n)< 22 -1n>7
3 7

Let (L(n)) denote the maximum period of an attractor that can occur on a Pulse Graph with (n) vertices. An
exhaustive search establishes the exact values

LB)=L(5)=L(7) =3, LA =3, L(7)=09.

The lower estimate is achieved by constructing a maximal-length affine feedback reg-ister whose update
mechanism is implemented entirely through prime-count logic. For every n > 6, the resulting realization remains
loopless, has maximum in-degree five, and contains only (O(n)) directed edges. These results establish Pulse
Graphs as a mathematically tractable class of Boolean networks capable of exhibiting ex-ponentially long
periodic behavior together with analytically characterizable global dynamics.

1 Introduction

Boolean dynamical systems constitute an important class of discrete-time models for investigating the
evolution of interacting binary variables over networked structures. In these systems, each vertex assumes
one of the two states in {0, 1}, and its future state is determined by a local transition function acting on
the states of neighboring vertices. Since their introduction in the pioneering work of Kauffman [Kauffman,
1969], Boolean networks have become fundamental tools in the analysis of gene regulation, distributed
computation, neural systems, and complex network dynamics. The qualitative behavior of such systems
is determined jointly by the topology of the underlying directed graph,

the choice of local Boolean functions, and the adopted update mechanism.

The present work investigates a different class of local transition rules based on el-ementary number theory.
Rather than comparing the number of active neighbors with a prescribed threshold, a vertex updates
according to the arithmetic property of its in-coming activity count. More precisely, the next state is active
whenever the number of active in-neighbors is a prime number and inactive otherwise. Because
primality is nei-ther monotone nor interval-preserving, the resulting update rule behaves fundamentally
differently from conventional threshold mechanisms. For instance, activation occurs for three active inputs
but disappears for four, illustrating that increasing the local input may reverse the output state. Such
oscillatory behavior arising from prime counting naturally introduces nonlinear interactions into the
network dynamics.

From the perspective of cellular automata and Boolean networks, the proposed update mechanism belongs to
the class of totalistic rules, since the transition function depends exclusively on the total number of active
in-neighbors and is independent of their indi-vidual identities. Totalistic Boolean dynamics have attracted
considerable attention as generalizations of classical cellular automata and graph dynamical systems
because they
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provide mathematically tractable models while exhibiting a wide range of collective be-haviors [Marr
and Hiitt, 2009, Goles et al., 2021]. Replacing threshold conditions with arithmetic constraints
considerably enlarges the family of admissible transition functions and raises new questions concerning
the long-term evolution of the resulting systems.

The dynamics generated by prime activation contrast sharply with those of monotone threshold networks.
For synchronously updated symmetric threshold systems, every peri-odic orbit has length at most two
[Goles and Olivos, 1980]. Comparable conclusions were obtained for synchronous bi-threshold
networks, although longer cycles become possible under asynchronous updating [Kuhlman et al., 2011].
Since primality does not define a monotone Boolean function, these classical results are no longer
applicable. Consequently, the maximum attainable period of a synchronous prime-activated network
becomes a nat-ural theoretical problem that has not been previously investigated.

The objective of this paper is to determine the dynamical consequences of adopting prime numbers as
the sole activation criterion. Our analysis combines extremal construc-tions with exact dynamical
characterization. For arbitrary directed graphs, we demon-strate that prime-count activation is
sufficiently expressive to realize Boolean feedback architectures supporting exponentially long periodic
attractors. In contrast, for complete directed graphs, the same local rule admits a complete analytical
description in which every trajectory rapidly converges to a highly restricted class of attractors. This
strik-ing difference illustrates that the complexity of Pulse Graphs emerges from the interplay between
an arithmetic activation rule and the structural properties of the underlying interaction network.

Definition 1. Let G = (V, E) be a finite directed graph without self-loops. A Pulse Graph is the
discrete-time Boolean dynamical system associated with G, where each vertex v € V possesses a binary
state

x(v) € {0, 1}, t=0,1,2,....
For every vertex v, denote its set of incoming neighbors by

N (v)y={u€V :(uv)€E}, and define the corresponding input count at time t as

>
k(v) = xdu).

ueN (v)

Hence, k{v) represents the total number of active vertices having directed edges toward v.
The network evolves synchronously according to the prime-count activation function

>

1, ifk(v)€P,

Xr+1 ) =
0, if k(v) EP,
where P denotes the set of all prime numbers.
A configuration x is called a fixed point whenever it is invariant under the above
evolution rule. More generally, an attractor of period p is a collection of p distinct configurations that
repeat cyclically under successive synchronous updates. In particular, the case p = 1 corresponds to a
fixed point, whereas every attractor with p > 1 is referred to as a nontrivial periodic attractor.

© 2026, IJSREM | https://ijsrem.com | Page 3


https://ijsrem.com/

.'t-’ ‘zﬁ
A
@‘eﬁ International Journal of Scientific Research in Engineering and Management (IJSREM)

W Volume: 10 Issue: 07 | Jul - 2026 SJIF Rating: 8.659 ISSN: 2582-3930
() (u ) () (e ()
Update
) = @ 2
vz vz o
x; = 1010 X1 = 0011 x+2 = 0001

Figure 1: Illustration of synchronous evolution in a Pulse Graph. Blue vertices denote active states and
white vertices denote inactive states. The network evolves from x; = 1010 to x+1 = 0011 and
subsequently to x> = 0001 according to the prime-neighbor activation rule.

Proposition 2 (Elementary properties of fixed configurations). Let G = (V, E) be a Pulse Graph.
Then the following statements hold.

1. Every vertex with zero in-degree becomes inactive after one update and remains inactive
thereafter.
2. The configuration in which every vertex is active is a fixed point precisely when the in-degree of

each vertex is a prime number.

3. For every integer n > 3, there exists a loopless Pulse Graph with n vertices for which the all-
active configuration is invariant.

4.  Among loopless Pulse Graphs, three is the minimum number of vertices for which the all-active
state can occur as a fixed point.

Proof. Suppose that v € I has no incoming edges. Then
N (v) = 0,

which immediately implies
k(v) =0

for every time step ¢. Since zero is not a prime number, the update rule yields

Xr+1 (V) = O,
establishing the first assertion.
Now consider the configuration in which
x(v) =1 for every v € V.

Under this configuration, each incoming neighbor contributes one active input, so that
k(v) =IN"(V)|.

Consequently, every vertex preserves its active state if and only if its in-degree is prime. This proves
the second statement.

To verify the third claim, consider the directed cycle on n vertices in which every edge is replaced by two
oppositely directed edges,

Vi <> Vi+l, i=1,...,n,
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where the indices are taken modulo n. Every vertex receives exactly two incoming edges, and because 2 is
prime, the all-active configuration is unchanged after each synchronous update.

Finally, if » = 1, the unique vertex has in-degree zero. When n = 2, the absence of self-loops
implies that every vertex has in-degree at most one. Since neither O nor 1 belongs to the set of prime
numbers, the all-active configuration cannot be a fixed point in either case. Therefore, n = 3 is the
smallest network size for which such a fixed configuration is possible.

Remark 1. The restriction on self-loops is essential. If loops are permitted, a Pulse Graplgw'th only
two vertices can admit the all-active fixed configuration by assigning to each vertex both a self-loop and
an edge from the other vertex. Consequently, every vertex receives exactly two active inputs, satisfying
the prime activation condition.

2 Dynamics of Small Pulse Graphs

Before investigating asymptotic properties for arbitrary network size, we examine the be-havior of Pulse
Graphs containing a small number of vertices. Since the underlying state space is finite and the evolution
rule is deterministic, every trajectory must eventually repeat. This permits an exhaustive computational
analysis of all loopless directed graphs for n < 5, allowing the exact determination of the longest
attainable periodic orbit.

2.1 Existence of Periodic Orbits
Proposition 3. Every trajectory of a finite Pulse Graph eventually becomes periodic.

Proof. Assume that the graph contains n vertices. Each global configuration is repre-sented by a binary

vector in
{0, 137,
so the total number of distinct configurations equals
2",
Let
X0, X1, X2, . ..

be the sequence generated from an arbitrary initial configuration. Since more than 2" configurations cannot
all be distinct, the Pigeonhole Principle guarantees that two states in the sequence coincide.

Because the Pulse update defines a deterministic mapping from one configuration to the next, revisiting a
previous state forces the subsequent evolution to repeat indefinitely. Hence every orbit ultimately enters a
periodic cycle. O

2.2 Illustrative Pulse Graphs

2.2.1 A Three-State Periodic Orbit on Four Vertices

To demonstrate the emergence of nontrivial dynamics, consider the loopless directed graph with vertex
set

V = {vo, vi, v2, v3},
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whose edge set is
E={vo—vi, vi > V2, v2 = Vo, V2 — V3, V3 — V], Vo — V3, V3 — W»}.

This network combines a directed three-cycle with additional feedback connections, producing a periodic
orbit of length three under the synchronous prime-activation rule. The example illustrates that even a
small Pulse Graph can exhibit sustained cyclic be-havior once the interaction pattern provides

sufficient feedback between vertices.
9\
updinte
—_ (!

Zesa = 0111

/

active (1) . active (1) O nactive (0) = directind edg

Figure 1. A peciod 3 attractor on o d-vertex Pulse Graph. Green and blue vertices are active

(value 1), while white vertices are inactive (valise D). The etwork evolves as

1101 — 1011 — 0111 — 1101
Figure 2: The full period-3 attractor on the 4-vertex Pulse Graph.

The five-vertex example exhibits the following cyclic evolution: 00011 — 01100 — 10011 — 01101 —

10111
— 01111 - 11111 - 11110 - 10110 — 00011.

Since each configuration in the above sequence appears exactly once before the initial state reoccurs, the
resulting attractor has minimal period

The corresponding in-degrees of the vertices
(vo, v1, v2, v3, v4)

are
(2, 2, 3, 3, 4).

Consequently, when the network reaches the configuration
11111,

the first four vertices continue to satisfy the prime activation criterion, whereas the fifth vertex receives
four active inputs and therefore becomes inactive. Hence,

11111 —= 11110.
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This transition highlights one of the distinguishing features of Pulse Graphs. Unlike monotone
threshold dynamics, activating additional neighboring vertices does not neces-sarily preserve the active
state. In the present example, increasing the number of active inputs from three to four causes the
update value to switch from

1 to 0, because 3 is prime while 4 is composite.

Such behavior is impossible in classical monotone threshold networks, where increasing

the number of active inputs cannot deactivate an already active vertex [Goles et al., 2021]. The prime-
count update rule therefore introduces an intrinsically nonmonotone mechanism that significantly enriches
the dynamical behavior.

2.3 Complete Enumeration for Small Networks
Definition 4. For each positive integer n, let
L(n)
denote the largest attractor period among all loopless labeled Pulse Graphs with exactly n vertices.

Proposition 5 (Maximum periods for small Pulse Graphs). The exact values of L(n) for networks
containing at most five vertices are given by

n | Loopless labeled directed graphs | L(n)
1 1 1
2 4 1
3 64 1
4 4096 3
5 1048 576 9

Proof. For each value of n <5, every labeled loopless directed graph was generated. Since each graph

POSSEsSes
2n(n*1)

possible edge configurations and

2}1
possible initial Boolean states, every trajectory was computed under synchronous Pulse updates until a
repeated configuration appeared. The period of the resulting attractor was then determined.

Finally, the largest observed attractor period over the complete collection of graphs yields the
corresponding value of L(n) reported in the table. O]

The computational results presented above show that periodic behavior first arises when the network
contains four vertices. Consequently, n = 4 represents the smallest system size capable of supporting an
attractor with period greater than one.
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3 Lower Bounds for Long Periodic Orbits

Theorem 6 (Evolution of the active set). Let S; © V be the set of active vertices at time t, and let
Then the Pulse update is completely determined by the primality of m and m —1:

=V, if both m and m — 1 are prime,
B A\YS " ifm—1 is prime but m is not,
St VS, if m is prime but m —1 is not,
% otherwise.

Proof. Each active vertex has exactly m — 1 active in-neighbours, whereas each inactive vertex has
exactly m. Consequently, active vertices remain active precisely when m — 1 is prime, while inactive
vertices switch on precisely when m is prime. Combining these

two observations gives the four possible updates. m

Theorem 7 (Periodic behaviour). Every trajectory of K~ conyerges either to a fixed
point or to a complementary two-cycle

S——TV\S
Proof. The previous theorem shows that every state can only evolve into one of
@, S, VS, V.

Hence no periodic orbit longer than two is possible.
The fixed points are:

1. the empty configuration;

2. the all-active configuration whenever n —1 is prime;
3. every proper subset S & V' satisfying

IS|—1 is prime, |S| is not prime.

A complementary pair
S V\S

forms a two-cycle exactly when both subset sizes are prime and neither equals 3. The exception
occurs because 3 —1 =2 is also prime, preventing the required state reversal.

O
Theorem 8 (Linear lower bound for maximal attractor periods). For every integer n > 5,
L(n) >n—3.

Consequently, the family of Pulse Graphs admits periodic attractors of arbitrarily large length. In
particular, there does not exist a universal constant M such that every finite Pulse Graph satisfies

L(n) <M.
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o P W

00011 01100 10011

Figure 3: First three configurations of a period-9 orbit in a five-vertex Pulse Graph. Blue circles indicate
active vertices, while light-gray circles denote inactive vertices. Bidirec-tional arrows represent pairs of
opposite directed edges. The remaining configurations complete the periodic cycle before returning to the
initial state.

Proof. Fix an integer n >5 and define

¢ = n—3, which represents the number of signal vertices.
Construct a Pulse Graph consisting of two components. The first component contains three control vertices
CO} Cl) Cz)

with directed edges in both directions between every pair. Consequently, each control vertex has
exactly two incoming neighbors.
The second component is formed by the directed cycle

S0 — 81 — T —> 81 — 0.
In addition, introduce the directed edges
co — Si, 0<i<{

so that every signal vertex receives one additional input from the control vertex co.

Consider the initial configuration in which the three control vertices are active together with the single
signal vertex so, while all remaining signal vertices are inactive.

Since every control vertex receives exactly two active inputs from the other two control vertices, and 2 is
prime, their states remain unchanged throughout the evolution. Hence the control subsystem acts as a
permanent source of activation.

For each signal vertex s;, the incoming inputs consist of the fixed contribution from c¢o together with the
state of the predecessor s;-1 on the directed cycle. Therefore,

ki(si) = 1 +xi(si—1),

where the indices are interpreted modulo <.
Because
1P and 2€P,

the update rule simplifies to
Xt+1(Si) = Xt(Si—l).
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Thus, at every synchronous update, the active signal advances by one position around the directed
cycle.
Starting from the configuration

100
the signal completes one full revolution after exactly £ updates before returning to its initial position.
Consequently, the constructed Pulse Graph possesses a periodic orbit of length
{=n-3.
Therefore,
L(n)>t=n—3,

which establishes the stated lower bound. Since ¢ increases without bound as n grows, the maximal
attractor period cannot be bounded by any universal constant. O

1000 0100

Figure 4: Rotation of the active signal in the register construction for £ = 4. The three control vertices
remain permanently active, while the single active signal advances by one position at each synchronous
update.

3.1 Boolean Operations Induced by Prime Activation

The prime-count update rule is sufficiently expressive to implement a variety of elemen-tary Boolean
operations by introducing a suitable number of permanently active auxiliary vertices. Consequently,
logical computation can be embedded directly into the dynamics of Pulse Graphs without modifying the
underlying update mechanism.

Proposition 9 (Boolean gates generated by prime activation). Assume that a vertex has two Boolean
inputs
x,y €10, 1},
together with q additional incoming edges from vertices whose states remain permanently equal to 1. The
corresponding update function is

(

1, ifg+x+yE€eP,
£ = Jarxty
, otherwise,
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where P denotes the set of prime numbers.

Forq=0,1,...,4, the resulting Boolean functions are summarized below:
q | Fy(0, 0) Fyu(0, 1) = Fy(1, 0) Fy(1, 1) | Equivalent Boolean gate
0 0 0 1 XAy
1 0 1 1 xVy
2 1 1 0 NAND(x, y)
3 1 0 1 XNOR(x, »)
4 0 1 0 x@Dy

Furthermore, if only one variable input is present, then one permanently active input realizes the identity
function, whereas three permanently active inputs produce logical negation.

Proof. The value of the update function depends exclusively on the integer
qg +x+y.

Since
x+y€e{o,1,2},

evaluating the primality of these three possible sums immediately determines the entries of the table for
each choice of ¢.

Now suppose that the vertex has a single variable input x. If one auxiliary vertex is permanently active,
then the possible input counts are

1+xe{l,2}.

Because 1 £P and 2 € P, the output coincides with x.
Similarly, with three permanently active inputs,

3+x€{3,4}.
Since 3 is prime whereas 4 is composite, the resulting output is
.
This completes the proof. ]

Remark 2. 4 complete bidirected graph on three vertices provides a simple mechanism for maintaining
a constant logical signal. When initialized in the all-active configuration, each control vertex receives
exactly two active incoming neighbors and therefore remains permanently active under the prime-count
update rule. These persistent control vertices can serve as auxiliary inputs for the Boolean
constructions established in Proposition 9. In particular, the availability of the NAND operation
implies that Pulse Graphs are capable of realizing any feedforward Boolean circuit with fixed external
inputs.

The register construction presented earlier establishes that the maximum attractor period grows without
bound. The next result strengthens this observation considerably by demonstrating that prime-count
dynamics can generate attractors whose lengths increase exponentially with the number of vertices.
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3.2 Exponentially Long Periodic Orbits

Linear feedback shift registers generated from primitive polynomials have long been used to produce
sequences of maximal period [Zierler, 1959]. More recently, analogous finite-field techniques have been
employed to construct bounded-degree automata networks exhibiting one fixed point together with a cycle
containing every remaining state [Aracena et al., 2026]. In the present setting, however, the local update
function is fixed by the prime-count activation rule, so the desired feedback mechanism must be
implemented entirely within this common dynamical framework.

The rotating-register construction yields attractors of linear length. By incorporating affine feedback
realized through the prime-count logic gates, one obtains a substantially stronger result: a single orbit
traverses every nonzero register configuration.

Theorem 10 (Exponential attractor periods). For every n > 5,
273 —1<L(n)<2"—1.

Consequently,

L(n) = A2").

Moreover, whenever n > 6, the lower bound is achieved by a loopless Pulse Graph whose maximum in-
degree is at most five and whose total number of directed edges does not exceed

5n —15.

Proof. The upper bound follows immediately from the finiteness of the state space. Every Pulse Graph on n
vertices possesses exactly 2" configurations. Since the all-zero config-uration maps to itself, it forms a
fixed point for every graph. Therefore no periodic orbit can contain more than the remaining

2" —1
states, implying
L(n) <2"—1.
To establish the lower bound, first observe that the exhaustive enumeration of Sec-tion 3 gives
L(5) =09,
and hence
9 >23 1.

Assume therefore that and

define

The construction is carried out over the finite field
Fa.
A theorem of Cohen [Cohen, 1990] guarantees that, for every

m >3,
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there exists a primitive element

satisfying
TI’Fzm/Fz(OC) = 0.
Let
p(Z) = g 4 am7lzm*1 + -+ aiz+ 1
denote the minimal polynomial of a. Since a is primitive, p(z) is a primitive polynomial of degree m.
Furthermore, over a field of characteristic two, the coefficient of z” ! equals the field trace.
Consequently,
am*l = 0)
which ensures that the resulting register construction contains no self-loop at its final stage.
Next define the companion transformation

A:F" —-F"
2 2
by
Ax)o = Xm—1,
and
(Ax)i = xi-1 + aixm—, 1<i<m.

The characteristic polynomial of 4 is precisely p(z). Because p(z) is primitive, the linear
transformation has multiplicative order

2" —1.

Equivalently, after identifying
Fm = F2m, 2

the map A corresponds to multiplication by the primitive element a. Hence the zero vector remains
fixed, whereas every nonzero vector belongs to a single cycle of length

2" —1.
Example 11 (A three-stage register). When
m =3,

the primitive polynomial
p)=z2+z+1

has coefficients
ar =1, a» = 0.

The corresponding linear feedback register satisfies
Yo=Y ¥ =)oty ¥y =w
and generates the maximal cycle

100 - 010 - 001 —- 110 - 011 —» 111 — 101 — 100.
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Within a Pulse Graph, the XOR feedback is replaced by the affine XNOR gate, pro-ducing
Xy = X2, ¥ =1+x0+x, ¥ =x

This affine transformation is conjugate to the original linear register and therefore preserves the
maximal period.

Figure 5 illustrates the graph-theoretic realization of the affine feedback register em-ployed in the
remainder of the proof.

Figure 5: Compact schematic of the affine feedback register. The control triangle main-tains permanent
activation. Each signal vertex receives a bias from co, while the tapped stage additionally receives feedback
implementing the affine XNOR operation.

The exponential construction retains the permanent control module introduced in the rotating-register
model. The only additional ingredient is the introduction of feedback at selected register stages,
allowing the prime-count update rule to realize affine XNOR operations.

To construct the required network, consider three control vertices

co, C1, C2,
together with the signal vertices
SOJ Sl) LR ] S}ﬂ*l-

Each pair of control vertices is connected by directed edges in both directions, and the initial configuration
activates all three controls. Consequently, every control vertex always receives exactly two active incoming
neighbors. Since 2 is prime, the control triangle remains permanently active throughout the dynamics.
The first register stage so receives two incoming edges, namely from co and sum-1.
Therefore,

Xr+1(50) = Xe(Sm—1).

For each register stage satisfying
1<i<m,

the construction depends on the coefficient a;.
If
a; = O,
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the vertex s; receives inputs only from ¢y and the preceding register stage s;,—1. Hence,
Xr+1(87) = xdA(si—1).

When
a;, — 1,

three additional incoming edges are introduced from the permanently active vertices ci, ¢z
and from the feedback vertex s,-1. In this case the total number of active inputs is

3 + x(si-1) + xA(Sm—1).
Since 3 and 5 are prime whereas 4 is composite, the update rule becomes

xe+1(8:) = 1 + xd(si-1) + x(Sm—1) in Fa.

Thus every tapped register stage performs an affine XNOR operation. Because Co-hen’s trace
condition guarantees

am*l = 0)

the last register vertex is never tapped, eliminating the need for a self-loop. Collecting the signal
variables into the vector

T
= X@ )X fs )
the complete signal dynamics can be written as
X1 = T (xr) = Ax: + b,
where
b=, ai,...,an1)".
Since the polynomial p is primitive and
m >3,

the value 1 cannot be a root of p. Consequently,

det(/—A4) =p(1)~ 0,
which shows that the matrix / —4 is nonsingular. Hence there exists a unique vector

z€F"
satisfying
{—A)z=b.

Introduce the translated variables

YVt = Xt + z.
Using the identity

© 2026, IJSREM | https://ijsrem.com | Page 15


https://ijsrem.com/

e
‘JIJSRED:{'
s seurna International Journal of Scientific Research in Engineering and Management (IJSREM)
w Volume: 10 Issue: 07 | Jul - 2026 SJIF Rating: 8.659 ISSN: 2582-3930

Az + b =z,

we obtain

Vi1l =Xp1 T2

=AQr+z)+b+z

= A_)/t

Therefore the affine transformation 7 is conjugate, via translation, to the linear trans-formation 4.
Because A4 fixes the zero vector and permutes every nonzero vector in a single cycle of length

2" —1,

the same orbit structure is inherited by 7. Accordingly, once the control vertices are fixed, the Pulse
Graph contains one fixed point together with a periodic orbit of length

2m—1=2"3—1,

establishing the required lower bound.

It remains to estimate the graph size. Every control vertex has in-degree two, whereas each signal vertex
has in-degree either two or five, depending on whether it is tapped.

Define

r=l{i:1<i<m, a=1}|.

Since

am*l = O’

we have

r<m-—2.

The construction contains six directed edges inside the control triangle, m bias edges from co, another m
register edges, and 3r additional feedback edges. Therefore,

6+tm+m+3r<6+2m+3(m-—2)
= Sm
=5n—15.
Finally,
1
23 —1=2"t= 2" n>5.
16
Combining this estimate with the previously established upper bound yields
L(n) = (2",
which completes the proof. O]
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4 Dynamics on Complete Directed Graphs

Throughout this section, let K~ denoge the loopless complete directed graph on 7 ver-tices. Every
ordered pair of distinct vertices is connected by a directed edge.

Definition 12. For an initial configuration So SV, let

So, S1, 82, . ..

be the corresponding Pulse trajectory.

The transient length, denoted by t(Sv), is the smallest integer for which Sys,) belongs to the eventual
periodic orbit.

The largest possible transient is

T (n) = max #(So).

=%
Theorem 13 (Uniform transient bound). For every complete directed Pulse Graph,
T(n)<3.
Hence the convergence time satisfies
T(n) = O(1).
Proof. Let the initial active set be So. By Theorem 6.1,

S1 €{@, So, V' \So, V' }.

If S1 = @, the trajectory has already reached the fixed empty state. If S1 = So, then So itself is a fixed
point.

If S = V, then either V' is fixed or it immediately maps to @. Thus an attractor is reached after at
most two updates.

Finally, suppose
S1 =V \So.

Applying the update rule once more gives
S> €{@, V\So, So, V'}.
The first two possibilities produce fixed points, the third yields the complementary two-cycle

So «— V' \So,

and the last reaches either the fixed state V' or the fixed empty state after one additional step.
Therefore every orbit reaches its eventual attractor within at most three iterations, establishing

T(n)<3.
]
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5 Complete Directed Pulse Graphs

Let K denpte the complete directed graph on 7 vertices without self-loops. Thus every ordered pair of
distinct vertices is connected by a directed edge.

Theorem 14 (Update rule on K7). Let St S V' be the active set at time t, and write

Then
v, - ifm—1 and m are prime,
S, if m—1 is prime and m is not,
“y \S, if m—1 is not prime and m is prime,

D, otherwise.

Proof. Every active vertex has exactly m — 1 active in-neighbors, while every inactive vertex has
exactly m. Since activation depends only on whether these counts are prime, the four cases follow
immediately. 0

The complete graph therefore reduces the dynamics to a function of the number of active vertices.

Theorem 15. Every orbit of K eventually reaches either a fixed point or a complement
two-cycle
S——>V\S

Proof. From the update formula, every state can only map to one of
@, S, VAS, V.

Hence no periodic orbit longer than two is possible.

The empty state is always fixed. The all-ones state is fixed precisely when n —1 is prime. A proper
subset S is fixed exactly when

S 1
1s prime but
N
is not. Complement two-cycles occur exactly when both
IS and |V\S]
are prime (excluding the exceptional case of size 3). O

Definition 16. For an initial state So, let t(So) denote the number of updates required before the
orbit first reaches its eventual periodic attractor. Define

T (n) = max #(So),
=7

the maximum transient time over all initial states.
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Theorem 17. For every n,
T(n) <3.

Hence the transient time of complete Pulse Graphs is bounded by a constant,
T(n) = O(1).
Proof. By the update formula,
S1 €{@, So, V'\So, V'}.

If S1 = @ or S1 = So, the orbit has already reached a fixed point.
If S1 = V', then either V' is fixed or it maps once to @, so an attractor is reached within two steps.

Finally, if S1 = V" \So, applying the update once more again yields one of
{@, V'\So, So, V'}.
The first two cases give fixed points, the third gives the two-cycle

So > V' \So,

and the last reaches a fixed point after at most one additional update.
Thus every trajectory enters its eventual attractor after no more than three updates.

6 Results and Discussion

The prime-count update rule produces markedly different behaviors depending on the underlying graph
structure. Exhaustive enumeration shows that nontrivial periodic at-tractors first occur on four vertices,
while a period-9 attractor already appears on five vertices. These examples demonstrate that a simple
arithmetic activation rule can gen-erate rich finite-state dynamics.

On general directed graphs, Pulse Graphs support information propagation, Boolean logic, and feedback
mechanisms. The rotating-register construction gives attractors of linear length, while the affine feedback
construction yields exponential periods of order A(2"). Thus the dynamical complexity of Pulse Graphs
grows exponentially with the number of vertices.

In contrast, the complete directed graph exhibits highly constrained behavior. Every trajectory reaches either
a fixed point or a complement two-cycle after at most three updates. This shows that the complexity of Pulse
Graphs depends not only on the prime activation rule but also on the underlying network topology.
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