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 Abstract: Let 𝐺 be a simple graph with at least three vertices. We call a vertex set 𝐷 ⊆ 𝑉(𝐺) as  𝜁Quasi 

clique dominating set if 𝐷 is a dominating set and for every 𝑣 in 𝐷, 𝑑𝑒𝑔 𝐷(𝑣) ⩾ ⌈𝜁(𝑝 − 1)⌉, where 𝜁 ∈ (0,1) and 𝑝 is the number of vertices in 𝐷. The minimum cardinality of 𝜁 quasi clique dominating set 

is called as 𝜁 quasi clique domination number and it is denoted by 𝛾𝑞𝑐𝑙(𝐺) . In this paper we introduce new 

parameter 𝜁 quasi clique dominating set and we discuss the properties of 𝜁 quasi clique dominating 

number. Minimal 𝜁 quasi clique dominating set is also defined and it is studied. 
Keywords: Dominating set, 𝜁 Quasi clique dominating set, Minimal 𝜁 quasi clique dominating set, upper 𝜁 

quasi clique dominating number.  
  I.Introduction  
 Let us consider a simple graphs with at least 3 vertices. Let 𝐺 = (𝑉, 𝐸) be a graph with |𝑉| = 𝑘 and 𝐸 = 𝑡. Let Δ(𝐺) denote the maximum degree of a graph 𝐺 and 𝛿(𝐺) denote the minimum degree of a 

graph 𝐺. The neighborhood of a vertex 𝑥 is that the set 𝑁(𝑥) consisting of all vertices 𝑦 which are 

adjacent with 𝑥. The closed neighborhood is 𝑁[𝑥] = 𝑁(𝑥) ∪ {𝑥}. The boundary of 𝐷, denoted 𝐵(𝐷), is 𝑁(𝐷) ∖ 𝐷. The sub graph induced by 𝐷 is denoted by 𝐺[𝐷]. In a graph vertices with degree one are called as 

pendent vertices and the vertices adjacent to pendent vertices are called as support vertices. 
In this paper we have defined the quasi clique dominating set and derived bounds for a 𝜁 quasi clique 

dominating number 𝛾𝑞𝑐𝑙 and minimal 𝜁 quasi clique dominating set and upper 𝜁 quasi clique dominating 

number are discussed. 
 
  2.Preliminaries  
Definition 2.1.[1]  
A set 𝐷 of vertices in a graph 𝐺 is a dominating set of 𝐺, if every vertex in 𝑉 − 𝐷 is adjacent to some 

vertex in 𝐷. The dominating number 𝛾(𝐺) is the minimum cardinality of a dominating set. 
Definition 2.2.[6]  
The diameter (𝑑) of a graph is the length of longest shortest path between any two vertices of a graph. 
Definition 2.3.  
A vertex cover of a graph is a set of vertices that includes at least one endpoint of every edge of the graph. 
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 Definition 2.4.  
The vertex connectivity 𝜅(𝐺) of a graph 𝐺 is the minimum number of vertices whose removal results in a 

disconnected or trivial graph. 
Definition 2.5.  
The edge connectivity 𝜆(𝐺) of a graph 𝐺 is the minimum number of edges whose removal results in a 

disconnected or trivial graph. 
Definition 2.6.  
The complement of a graph 𝐺 is a graph �̅� on the same vertices such that two distinct vertices of �̅� are 

adjacent iff they are not adjacent in 𝐺. 
Definition 2.7.  
A vertex cut or an articulation point is a vertex whose deletion along with the incident edges results in a graph 

with more components than the original graph. 
Definition 2.8.[6]  
The girth 𝑔(𝐺) of an undirected graph 𝐺 is the length of a shortest cycle contained in the graph 𝐺. 
Definition 2.9.[7]  
For parameter 0 < 𝜁 < 1, a vertex-induced sub graph 𝑄 of 𝐺 is called a 𝜁-quasi-clique if 𝑄 is connected 

and for every vertex 𝑣 ∈ 𝑉(𝑄), 𝑑𝑒𝑔 𝑄(𝑣) ⩾ ⌈𝜁(𝑝 − 1)⌉. 

  3. 𝜁 Quasi clique dominating set  
  
Definition 3.1.  𝜁 Quasi clique dominating set  
 Let 𝐺 be a simple graph with 𝑘 ⩾ 3 vertices. A set 𝐷 ⊆ 𝑉(𝐺) is called as 𝜁 quasi clique dominating set if 𝐷 is a dominating set and for every 𝑣 in 𝐷, 𝑑𝑒𝑔 𝐷(𝑣) ⩾ ⌈𝜁(𝑝 − 1)⌉, where 𝜁 ∈ (0,1) and 𝑝 is the number 

of vertices in 𝐷. The minimum cardinality of quasi clique dominating set is called as 𝜁 quasi clique 

domination number and it is denoted by 𝛾𝑞𝑐𝑙(𝐺). 
 
  Example 3.2. 

 
  
 For the above graph {3,6,7} is a dominating set and for every 𝑣 in 𝐷, 𝑑𝑒𝑔 𝐷(𝑣) ⩾ ⌈𝜁(𝑝 − 1)⌉, where 𝜁 ∈ (0,1). Therefore 𝐷 = {3,6,7} is a 𝜁 quasi clique dominating set with cardinality three. Since 𝜁 quasi 

clique dominating set 𝐷 = {3,6,7} has the minimum cardinality for the above graph, hence 𝛾𝑞𝑐𝑙(𝐺) = 3. 
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Now we characterize the bounds for 𝜁 quasi clique dominating number.   
Theorem 3.3.  
 For a graph 𝐺 with diameter 𝑑 = 2 and 𝛿(𝐺) > 1, 𝛾𝑞𝑐𝑙(𝐺) ⩾ 𝛿(𝐺) + 1.  

Proof: Let 𝑎 ∈ 𝑉(𝐺) and 𝑑𝑒𝑔(𝑎) = 𝛿(𝐺). Since 𝑑(𝐺) = 2, we get 𝑁(𝑎) is a dominating set of a graph 𝐺. 

Hence 𝐷 = 𝑁(𝑎) ∪ {𝑎} is a 𝜁 quasi clique dominating set of 𝐺 and hence 𝛾𝑞𝑐𝑙(𝐺) ⩾ 𝛿(𝐺) + 1.  

Theorem 3.4.  
For any connected graph 𝐺, 𝛾𝑞𝑐𝑙(𝐺) ⩽ 2𝑡 − 𝑘 + 2.  

Proof: Let 𝐺 be any connected graph. Then 𝑡 ⩾ 𝑘 − 1. Since 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘, we get 𝛾𝑞𝑐𝑙(𝐺) ⩽ 2(𝑘 − 1) −𝑘 + 2 which can be written as 𝛾𝑞𝑐𝑙(𝐺) ⩽ 2𝑡 − 𝑘 + 2.  

Theorem 3.5.  

Let 𝐺 be a graph with no isolated vertices then 
2𝑘Δ(𝐺)+1 ⩽ 𝛾𝑞𝑐𝑙(𝐺). 

Proof: Let 𝐷 be a 𝜁 quasi clique dominating set of a graph 𝐺 with no isolated vertices. Since 𝑑𝑒𝑔(𝑣) ⩽Δ(𝐺) for every 𝑣 ∈ 𝐷. Each vertex in𝐷 is adjacent to at least one member of 𝑉 − 𝐷 and for every 𝑣 ∈ 𝐷  𝑑𝑒𝑔𝐷(𝑣) ⩾ ⌈𝜁(𝑝 − 1)⌉. Therefore 𝑡 ⩽ (Δ(𝐺) − 1)|𝐷| = (Δ(𝐺) − 1)𝛾𝑞𝑐𝑙(𝐺). Since vertex in 𝑉 − 𝐷 

has an adjacency or will be an isolated vertex, So that 𝑡 ⩽ 2|𝑉 − 𝐷| = 2[𝑘 − 𝛾𝑞𝑐𝑙(𝐺)]. Hence Δ(𝐺)𝛾𝑞𝑐𝑙(𝐺) −𝛾𝑞𝑐𝑙(𝐺) ⩾ 2[𝑘 − 𝛾𝑞𝑐𝑙(𝐺)] which can be written as 
2𝑘Δ(𝐺)+1 ⩽ 𝛾𝑞𝑐𝑙(𝐺).  

 Theorem 3.6.  
For any graph 𝐺, 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝛽(𝐺) + 1.  

Proof: Let 𝐷 be the vertex cover of a graph 𝐺. If |𝐷| = 𝑘2, then 𝐷 is a 𝜁 quasi clique dominating set of a 

graph 𝐺. Hence 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝛽(𝐺) + 1. If |𝐷| < 𝑘2, then for any vertex 𝑢 ∈ 𝑉 − 𝐷, 𝐷 ∪ {𝑢} is a 𝜁  quasi 

clique dominating set of a graph 𝐺. Hence 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝛽(𝐺) + 1.  

Proposition 3.7.  
Let 𝐺 be any graph, then 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 − 𝛿(𝐺) + 1.  

Proof: Let 𝐷 be the vertex cover of a graph 𝐺, then 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝛽(𝐺) + 1. Since 𝛽(𝐺) ⩽ 𝑘 − 𝛿(𝐺). Hence 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 − 𝛿(𝐺) + 1.  

Proposition 3.8.  
 If 𝐺 is any graph, then 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 − 𝜅(𝐺) + 1.  

Proof: Since 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝛽(𝐺) + 1 and 𝛽(𝐺) ⩽ 𝑘 − 𝜅(𝐺). So we can conclude that 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 − 𝜅(𝐺) + 1.  

Proposition 3.9.  
If 𝐺 is any graph, then 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 − 𝜆(𝐺) + 1.  

Proof: We know that 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝛽(𝐺) + 1 and 𝛽(𝐺) ⩽ 𝑘 − 𝜆(𝐺). Hence we get 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 − 𝜆 + 1.   

Proposition 3.10.  
 For a connected graph 𝐺 with at least 2 pendent vertices , then 𝛾𝑞𝑐𝑙(𝐺) + 𝛾𝑞𝑐𝑙(�̅�) ⩽ 𝑘 + 3. 
Proof: Since 3 ⩽ 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 and 𝛾𝑞𝑐𝑙(�̅�) = 3, we get 𝛾𝑞𝑐𝑙(𝐺) + 𝛾𝑞𝑐𝑙(�̅�) ⩽ 𝑘 + 3.  

 Theorem 3.11.  
Let 𝐺 be a graph , then 𝛾𝑞𝑐𝑙(𝐺) + 𝜅(𝐺) ⩽ 𝑘 + Δ(𝐺). 

Proof: For a graph 𝐺, 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 and 𝜅(𝐺) ⩽ Δ(𝐺). Hence 𝛾𝑞𝑐𝑙(𝐺) + 𝜅(𝐺) ⩽ 𝑘 + Δ(𝐺).  

Theorem 3.18.  
For any connected graph 𝐺, 3 ⩽ 𝛾𝑞𝑐𝑙(𝐺)𝛾𝑞𝑐𝑙(�̅�) ⩽ (𝑘 − 𝛿(𝐺) + 1)(1 + Δ(𝐺)). 
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Proof: Since 𝛾𝑞𝑐𝑙(𝐺) ⩽ 𝑘 − 𝛿(𝐺) + 1.  Therefore 𝛾𝑞𝑐𝑙(𝐺)𝛾𝑞𝑐𝑙(�̅�) ⩽ (𝑘 − 𝛿(𝐺) + 1)(𝑘 − 𝛿(�̅�) + 1) ⩽ (𝑘 −𝛿(𝐺) + 1)(𝑘 − (𝑘 − 1 − Δ(𝐺))) ⩽ (𝑘 − 𝛿(𝐺) + 1)(1 + Δ(𝐺)).  
 4 . Minimal Quasi Clique Dominating Set   
Definition 4.1.  
 A 𝜁 quasi clique dominating set 𝐷 is a minimal 𝜁 quasi clique dominating set if for all vertices 𝑣 ∈ 𝐷, the 

set 𝐷 − {𝑣} is not a 𝜁 quasi clique dominating set of 𝐺.  
 
 Definition 4.2.  
 The upper 𝜁 quasi clique dominating number of 𝐺 denoted as Γ𝑞𝑐𝑙, is the maximum cardinality of a 

minimal 𝜁 quasi clique dominating set in 𝐺.  
 

 Lemma 4.3.  
 For a graph with no isolated vertices. A vertex 𝑣 of 𝐺 belongs to every minimal 𝜁 quasi clique dominating 

set of 𝐺 iff 𝑣 is a support vertex of 𝐺. 
Proof: Let 𝑣 ∈ 𝑉(𝐺). If 𝑣 is not a support vertex of 𝐺, then 𝑉(𝐺) − 𝑣 is a 𝜁 quasi clique dominating set of 𝐺 and so it contains a minimal 𝜁 quasi clique dominating set of 𝐺. Hence there exists a minimal 𝜁 quasi 

clique dominating set excluding {𝑣}. So that every support vertex must belong to any minimal 𝜁 quasi clique 

dominating set.  
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