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Abstract

This paper presents a novel and efficient semi-analytical approach for solving systems of fractional differential equations
(FDEs) using the Elzaki Decomposition Method (). The method combines the strengths of the Elzaki transform and the
Adomian decomposition method to obtain exact or approximate solutions of linear and nonlinear FDEs. Four illustrative
examples are discussed to demonstrate the efficiency, reliability, and simplicity of the method. The obtained solutions
show rapid convergence with minimal computational effort.

1. Introduction

Fractional calculus has gained immense attention due to its ability to describe memory and hereditary properties of various
materials and processes [Podlubny, 1998; Kilbas et al., 2006]. Many physical and engineering problems such as
viscoelastic systems, fluid flow, and diffusion processes are better described using fractional differential equations (FDEs)
[Mainardi, 2010].

There are a number of numerical methods to solve differential and integral equations[8, 9, 10]. The analytical solution of
systems of FDEs is often a challenging task. Therefore, various semi-analytical methods such as the Adomian
Decomposition Method (ADM) [Adomian, 1994], Variational Iteration Method (VIM) [He, 1999], and Homotopy
Analysis Method (HAM) [Liao, 2003] have been developed. Recently, the Elzaki Transform (ET), introduced by Elzaki
[Elzaki, 2011], has emerged as a powerful integral transform for solving differential equations, particularly due to its
simpler operational rules.

This study proposes a hybrid technique called the Elzaki Decomposition Method (EDM), which combines the Elzaki
Transform and -based decomposition to solve systems of FDEs efficiently.

2. Preliminaries

G

1 ‘
2.1 Caputo Fractional Derivative D” f(¢) =
p t f( ) r(n_a) J.O (t_z_)a—n+]

n-l<a<n (1)

2.2 Elzaki Transform Definition E[ f(¢)]= uj: f(t)e " dt )

2.3 Useful Properties

1. E[l] =u

2. E[t"1=u""T(n+1)

3 E[e"]=—~
1—au
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3. Methodology: Elzaki Decomposition Method (EDM)

The Elzaki Decomposition Method (EDM) is a semi-analytical technique designed to solve linear and nonlinear systems
of fractional differential equations (FDEs). It synergistically combines the operational efficiency of the Elzaki Transform
with the recursive series solution strategy of the Adomian Decomposition Method (ADM). This method is especially
powerful for systems involving Caputo-type fractional derivatives. Below is a comprehensive outline of the EDM:

3.1 Overview of the Approach

Let us consider a general system of Caputo-type fractional differential equations:
“Dix.(t)= fi(X,%y,..0.x,,1), X,(0)=c,, O<a<l, i=12,..,n 3)

The proceeds through the following phases:

3.2 Step-by-Step Procedure
Step 1: Apply the Elzaki Transform

The Elzaki transform of a Caputo derivative is given by:
n—1

E[ D! x()] =u” E[x(1)] - ) u“""'x"(0) 4)
=0

Apply this to each equation in the system. Use the initial conditions to simplify the resulting algebraic expressions.
Step 2: Convert to an Algebraic System

By transforming each FDE in the system using the Elzaki operator, the differential system becomes an algebraic system
in the Elzaki image domain:

F(u, X u),X,u),....X, (u)=0, i=L2,...,n (5)

This simplification allows for handling complex equations without discretizing the time domain or applying perturbative
techniques.

Step 3: Handle Nonlinear Terms using Adomian Decomposition
If any right-hand side function f is nonlinear, decompose it using Adomian Polynomials:

Let:
XO=Y 5,0, )= 4, ®)

The Adomian polynomials AnA_n are computed using the recursive relation:

1 d" O Lk
L (o)

k=0

(7

A=0
This technique ensures that nonlinearities are handled analytically without linearization, maintaining solution accuracy.

Step 4: Invert the Elzaki Transform

After obtaining expressions for X; (u) Compute the inverse Elzaki Transform:
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50 = B, 0] = 5,0

Use known Elzaki pairs or numerical inversion techniques to find the time-domain solution.
Step 5: Construct Series Solution

The final solution is expressed as an infinite series (truncated for practical use):
N

X(O)=>x,(0), i=12,...n
=0

This form converges rapidly for many physical systems and gives high accuracy with only a few terms.
4. Illustrative Examples

Example 1: Consider the Linear System of Differential Equations

CDfx(t) = x(t) +y(t), “Dfy(t) = —x(t) +y(®), x(0)=1, y(0)=0 (8)

Step 1: Apply Elzaki Transform

Let X(w) = E[x(©)], Y(w) = E[y(t)]

Using the property of Caputo derivative and Elzaki transform:

E[DEx(t)] = u*X(u) — u® 1x(0) = u*X(u) — u* 1&E[*Dfy(t)] = u*Y (u) 9)
Step 2: Transform equations

1st equation:

uX(w) —u* =X +Yw) > w*—DXu) —Y@w) =u*1? (10)

2nd equation:

uY(uw) =-Xw)+Yw=>Xw+@w*—-1)Yw) =0 (11)

Step 3: Solve the algebraic system

From (11), express X(u) in terms of Y(u):

X(w)=—-wWw*-1)YW) (12)
Substitute into (1):

@ - D@ - DY) —Yw) =u*
=>—-w*-1D%Yw-Yw =u*?

ua—l
=YW =- (ue—1)2+1
Then:
(ua_l)ua—l
X(u) =—-=-—"—

T (ue-1)241
Step 4: Take inverse Elzaki Transform

Use table of inverse Elzaki transforms or approximate numerically:

For a=1, we retrieve: x(7)=e' cost(t),y(t)=—e'sin(7). (13)
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1 .
For o = 5 , We retrieve

The initial approximation is X, (t) =1, (t) =0

First Approximation is

ta

x1(8) = I (x0(®) + ¥0(8)) = ¢ (V) = 177 (14)

_ qaf_ —qa(_1) = —_t°
Y1(t) - ‘7t ( xO(t) +y0(t)) - gt ( 1) - r(i+ae) (15)
Second Approximation is
x(8) = I (x1(6) + y1(©)) = I (0) = 0

_ qa _ qa te te
y2(t) = 7§ (_x1(t) + }’1(t)) =7 (_ rara m)

_qaf_ 2%\ _ a2t
y2(8) = 7¢ ( F(1+a)) = T Tra+za)
The Third Approximation is

_aaf_ 2¢2¢ _ 2t3®
x3(t) =3¢ ( r(1+2a)) T r(+3e)

_aaf_ 2¢2¢ _ 2¢3@
y3(6) =7; ( r(1+2a)) T r(1+3a)
Hence the Approximate solution up to third approximation is

ta 2t3a
xO =1+ s ~rassn T (16)
t(l 2t2[l 2t3(1
y(O) ~1- r(i+a) r(+za) r@+3a) a7
o}k Exact w2 Approvinate fn = 1) Y yifl: Exact vs Aporoaimate o = 1)
—Exact
Approximate (3 terms)

* ~Exact
Approximate (3 terms)

! 25

Fig:1 Exact and approximate solutions for Example 1

Example 2: Nonlinear System

DPx(t) = —x(6)* +y(t), “DP®y(t) = x(t) —y(t)?, x(0) =0,y(0) =1 (18)

Step 1: Decompose x(t) into series
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x(t) = XnzoXn (£),  y(£) = Xnzo¥n (t)
Step 2: Apply Elzaki Transform to each equation
Let’s denote X,,(u) = E[x,(t)],Y,(w) = E[y,(t)]

First few Adomian polynomials for x2, y*:

. A4, =x;
. A = 2xyx,
«  B=y
. B =2y

Step 3: Iterative computation

Start with initial conditions:

. x,#)=0=X,(u)=0
Vo) =1=Y,(u)=E[l]=u
Compute the next terms using:

U X, (1) =~ A, + Yy () = u

u
:XI(U):FZI

t0.5

r'(1.5)

= x,(1) =

0.5 0.5

t t
I'(1.5) 0.8862

x(0)=x0)=

Step 1: Adomian Polynomials

For x2(t)x"2(t):
0.5 0.5
A=2xx =212
0.8862 0.8862
For y2(t)y"2(t):
B =2y,y,=0

Step 2: Use recursive formula
Compute x2(t)x_2(t):

We apply:
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S 1
X)) =E 1{75{/1#%(0}}
11 2¢%% 4%
= l; ! —7;5'12 EEE—
u 0.8862
211 3¢%°
=E'i—5E
u 0.8862

We use:
ur+1 ul.S
E{t"y = forr=0.5= E{t"}=—
r+1 1.5
So,

3t0.5 3u1.5 2u1.5
{0.8862} T1.5-0.8862  0.8862

2u1.5 2u1.0
{t)=E'\—t=E"
() {0.8862~u°'5 } {0.8862}

—r-1

Now, E-'{u"} = !

T is undefined for positive integer r, so we use the known inverse:
—r

We recognize:

E™{u"} = 5'(¢) Instead, we model:

2t 2t 2t
_xz(t)z = ~
0.8862-T°(2) 0.8862-1 0.8862
So:
2t
1)~
%) 0.8862

Now, we obtain

. L o L tO'S
»n=E {MO,SE{BIHIU)}}—E {u0~5E{0.8862H

tO.S ul 5
E =
{0.8862} 1.5-0.8862

1.5-0.5 1
= v.()=E" L G E™! v
»:(1) {1.5~0.8862} {1.5-0.8862
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So:
t t
» ()=

1.5-0.8862  1.3293

Summing up the above estimated terms we get

t0.5 2t

+

x(t) = xo(t) +x1(t) +2x2(8) + x3(t) = 1 + 5 + 5o

+ 2.647t%5 (20)

t0s t
Y(®) = yo(t) + y1(£) + y2(8) + y3(t) = 0+ s ——+ ——+1.327t*° (21)
Appromesale Yf: 1k, and Tokd Sum i Approxomate yil): y, oy, wnd Toty Sun
% Y
| Y
A% RS
s X =
3 yapprox
X
approx
] Il 5 25
|

Fig. 2 graph for iterations and approximate of solutions for Example 2

Example 3: Consider the coupled FDEs

CDPPx(t) = y(), “DPPy(t) = —x(t), x(0)=0, y(0)=1 (22)
Using the Caputo derivative property and Elzaki transform:

1. E[“D*x()]=u"* X (u) —u "’ x(0) =u"* X (u)
2. E[ D> y()]=u"*Y () —u "’ y(0) =u""Y (u) —u**

Substituting into the transformed system:

Y (u)

. From the first equation: uo'gX(u) =Y(u)= X(u)= o

. Second equation: u*"Y (1) —u™"* =X (u)
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From above estimation we obtain:

_ Y(u
uOBy(u) —u 0.2 —_ u(os)
— Y(u)(u0'8 +u—0.8) _ u—o.z
-0.2 1
=Y(u)= =
( ) u .8 +u—0.8 1+u1.6
Y(u) u?

Then from (1): X (u) = Let’s expand both X(u) and Y(u) as power series in #

1+

Use: 22( 1)"u"*" Then:

1+u"®

Y(l/l) uOéZ( l)n —16n_2( l)n 0.6-1.6n

X(u) u 022( l)n —16n_2( l)n -0.2-1.6n

Next we use term-by-term inverse Elzaki Transform:

s
E™ L\__¢ so u * = corresponds to t*~
u’? ] T(B+])

For x(t):

From X (u)= Z (=1)"u """, the inverse transform yields:
n=0

© (_l)n t(0.2+1.6n)
X I~
® ,,Zr(1+o 2+1.6n)

First few terms:

. n=0,t"/T(.2)
. n=1:-t"*/T(2.8) (23)
. n=2:0*/T(4.4)
0.2 1.8 34
So, x(t) = ! d

r12) T28) T@4)
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For y(t):

From Y(u) = Z(—l)"uo'ﬁ_l'ﬁ” implies each term u “gives 2t*~
n=0

0 (_l)n t(144+1.6n)
1)~
) ;‘F(l+1.4+l.6n)

. n=0:t"°/T(1.6)
. n=1:-**/T(3.2)
. n=2:0%/T(4.8) (24)
0.6 2.2 3.8
So, y(t) = ! d

ri6) TG2) T@Es)

Hence the Final Approximate Series Solution (First 3 terms):

0.2 t1'8 t3'4

x(t) = ri2) r(zs) + r(4.4) (25)
and

t0.6 t2.2 t3.8
Ok r(L6) r.z2) + r(4.8) (26)

3k First  Torms and Approereils Sum " $ X Fiest 3 Yorms 3ad Aparcodrrale Sum
x (0
x2(l) ”
Xt '
o oy
e e Yl
Al
Y, +Y, Y,

Fig. 3 graph for iterations and approximate of solutions for Example 3

5. Conclusion

The Elzaki Decomposition Method (EDM) is a simple, effective, and computationally efficient technique for solving
fractional differential equations. The method is powerful for both linear and nonlinear systems, and the illustrative
examples confirm its convergence and applicability. This method avoids discretization and can be implemented
symbolically, making it useful in analytical and semi-analytical computations.
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