¢h Ak
o !
¢ IJISREM 3 . . - pn . . .
@, j# International Journal of Scientific Research in Engineering and Management (IJSREM)
W Volume: 10 Issue: 06 | Jun - 2026 SJIF Rating: 8.659 ISSN: 2582-3930

Some Results on Generalized Codeword Length of Variable Length Error-
Correcting Codes

Mahnaz Shafi Chishti,
Department of Mathematics,
Government Degree College Baramulla Kashmir.
rayeesstatistics 123@gmail.com

Rayees Ahmad Dar
Department of Statistics
Government College for Women, M.A Road Srinagar.
mahnazchishtil 10@gmail.com

Abstract: Codes of variable length that are capable of error correction are studied. A lower bound on L” (U ), the

generalized mean length of such codes under the criterion of “promptness” is obtained. This generalizes the result due to
Bernard and Sharma [5] and Baig and Zaheeruddin [4] for noisy channels. Also this generalizes the result due to Kerridge
[9], which itself is a generalization of celebrated result due to Shannon [12] for noiseless channel. The bound obtained
provides a measure of optimality for variable length error correcting codes.

1.Introduction

It is well known that a lower bound on the average length is obtained in terms of Shannon entropy [12] for
instantaneous codes in noiseless channel (Abramson [1] ). Bernard and Sharma [6] studied variable length codes for noisy
channels and presented some combinatorial bounds for these variable length, error correcting codes. Bernard and Sharma
[5] obtained a lower bound on average length for variable length error correcting codes satisfying the criterion of
“promptness”.
In this paper a lower bound of generalized code length of order & and type [ for variable length error correcting codes

is obtained in terms of a measure similar to that of ‘useful’ inaccuracy of order & and type S given by Tuteja and

Bhaker [14]. This generalizes the result due to Bernard and Sharma [5], Baig and Zaheeruddin [4] and well known
Shannon’s inequality.

Key words and Phrases: Generalized Parametric mean length, Inaccuracy measure, Holder’s inequality, Segment
decomposition.
2000, Mathematics subject classification. 94A24, 94A15, 9417, 26D15

2. Definitions and Concepts:
In coding theory, it is assumed that Q is a finite set of alphabets and there are D code characters. A code is
defined as a finite sequence of code characters and variable length code C of size n is a set of n code characters denoted

by ¢,,C,,...,c, with lengths /,,/,,...,I respectively. Without loss of generality it may be assumed that /, </, <...,</ .
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The channel, which is considerd here, is not noiseless. In other words the codes considerd here are error correcting
codes. The criterion for error correcting is defined in terms of a mapping « , which depends on the noise characteristics
of the channel. This mapping « is called the error admissibility mapping. Given a code word ¢ and error admissibility
a , the set of code words received over the channel when ¢ was sent, denoted by a(c) is the error range of c.

Various kinds of error pattern can be described in terms of mapping ¢ . In particular & may be defined by
Bernard and Sharma [6] as

ae(c)=ib_t/W(c—u)Se}

where e is the random substitution error and w(c - u) is the Hamming weight i.e, the number of non zero co-ordinate of

¢ —u . Bernard and Sharma [6] verified that the number of sequences in «, (C) denoted as |, (c] is given by

«lel=3 o1

i=0
where [ is the length of codeword c.

[

l

we may assume that ¢, corresponds to the noiseless cases. In other words if ¢ is sent then c is received with respect

to a,. Moreover it is clear that |0£e (c)| depends only on the length / of ¢ when o and D are given. In noiseless coding,

the class of uniquely decodable instantaneous codes are studied. It is known that these codes satisfy prefix property (
Abramson [1]).
In the same way Hartnett [8] studied variable length code over noisy channel, satisfying the prefix property
in the range.The codes are called o -prompt codes. Such codes have the property that the can decoded “promptly’.
Further, Bernard and Sharma [6] gave a combinatorial inequality that must necessarily be satisfied by

codeword length of prompt codes. Two useful concepts namely, segment decomposition and the effective range r, (ci) of
codeword c; of length /, under error mapping « as the cartesian product of ranges of the segment are also given by
Bernard and Sharma [6]. The number of sequences in effective range of ¢; denoted by |ra | , depends only on & and l..

It is given by

I Jod

|, =lal, |

[ e VR A

Moreover, Bernard and Sharma [6] obtained the following inequality.

Theorem 1: An « -prompt code with n codewords of length /, </, <...</ ,  satisfies the following inequality

@.1) i|ra|l_D*1f <1
i=1 '

Remark 2.1: If the codes of constant length / are taken then the average inequality (2.1) reduces to Hamming sphere
packing bound given by Hamming [7].

Remark 2.2: If the channel is noiseless then the inequality (2.1) reduces to well known Kraft [10] inequality.

Bernard and Sharma [5] have obtained a lower bound on average codeword length for prompt codes using a
quantity similar to Shannon entropy. Also, Baig and Zaheeruddin [4] have obtained as lower bound on codeword length
of order t of prompt codes using a quantity similar to Nath’s [11] inaccuracy of order /. In the next section, we obtain a
lower bound on generalized codeword length of order & and type S of prompt codes using a quantity similar to Tuteja

and Bhaker [14] ‘useful’ inaccuracy measure of order & and type £ .

© 2026, IJSREM | https://ijsrem.com DOI: 10.55041/IJSREM64953 | Page 2


https://ijsrem.com/

_-f.' \&R‘
AN,
¢ IJSREM 3 . . - pn . . .
@w International Journal of Scientific Research in Engineering and Management (IJSREM)
W Volume: 10 Issue: 06 | Jun - 2026 SJIF Rating: 8.659 ISSN: 2582-3930

3. A lower bound on codeword length of order & and type [ of prompt codes.
Consider a generalized code length of order & and type [ defined by

_ .
Sy e
3.1 LF(U)= =l -1| ,a#la>0,8>0

(zl_a _I)Zn:piﬂ iznl:(uipi)ﬂ

itis easy to see that for f =1, >l and u, =1 Vi=12,.,n.Itreducesto L = Zlipi given by Shannon [12].

i=1
Suppose that a person believe that the probability of i " event is q; and the code with length /, has been
constructed accordingly. But contrary to his belief the true probability is p, .

We will now obtain a lower bound of generalized mean length L” (U ) under the condition

(32) > (wp)q D" Qralli J<3wpy

i=l1 i=l1
Remark 3.1: Moreover if f =1, u, =1Vi=12,..n. Then (3.3) reduces to the inequality given by Autar and Soni [2]

(3.3) > pg D" <1
i=1

Remark 3.2: Moreover if p, =q, Vi=12,...n.(3.3) reduces to Kraft [10] inequality

(3.4) > D" <1
i=1

Remark 3.3: If f=1,u;, =1Vi=12,.n in(3.2), It reduces to the inequality given by Baig and Zaheeruddin [4]

(3.5) Zn:piqi71|ra|li D <1
i=1

Remark 3.4: Moreover if p, =¢q, Vi=1,2,..,n in (3.5), It reduces to the inequality given by Bernard and Sharma [6]

(3.6) Z”]rahD_;, <1
i=l1 '

Theorem 2: Let an « - prompt code encode the n messages s,,S,,...,5, into a code alphabet of D symbols and let the

length of the corresponding to message s, be /,. Then the generalized code length of order & and type /S, Lg (U ) shall

satisfies the inequality
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(3.7) F(U)= = ,azl,a>0, >0

@ ~1)> p” UlogD

i=1

where U = Zn:(uipl. )ﬂ

i=1

with equality iff

I :—logQrah )’”‘qi“ +log | 'n

Proof: By Holders inequality [13]

1 1
(3.8) Zn:xl.yi Z[Exip}p[Zyiq}q

I 1
for all x;, >0,y, >0 ,i=12,...,n when p<l(¢ 0), qg<0 or q<l(¢ 0), p<0and —+—=1, with equality iff

P 9
there exists a positive number ¢ such that x,” =¢y,”.
a
= =
s
ulpi =L . D. p
Put X = n( ) 5 D l Vi = (ulpl) ql—lqra|l )
Z(uipi) Z(uipi )ﬂ
i=1 i=1
p= a—_l ,qd = -«
a
in (3.8), we get
- 1

n n I ]‘l a-1
Z(uipi)ﬂDiliq;lqraLl_) (uipi)ﬂD [ ¢ j

i=1 > i=1 i=1

3

3

=
B}

(uip; )ﬁ Z(u[pl.) (u[pi )ﬁ

i=1

using inequality (3.2), we get

a 1

l—a] l—a n 1 I-a ||1_¢
. (uz‘pi)ﬁqz‘w Qrah)
> | =

Zn:(uipi )ﬂD[i(a
iml

Z(uipi )ﬂ Z(uipi )ﬁ

i=1 i=1

Let 0 < o < 1. Raising both sides to the power (1 - a), and after suitable operations, we get
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n

(uipi )ﬁ (qim_1 qra |l,- )‘0‘ - 1)

u)>+= ,a#l,a>0,3>0

(21_”‘ —1)ipiﬂ Ulog D

i=1

4. Particular case:
(a) For f =1, a > 1, the inequality (3.7) reduces to

n

.|,
> (u,p, )log| —

i=1 i

.1) L)z :

n
D up,
i=1

(b) For u, =1 V i=1,2,...n, Inequality (4.1) reduces to the inequality given by Baig and Zaheeruddin [4]

ral,

(4.2) L>> plog —-|,

i=l1 i

(c)Moreover if p, =q,V i =1,2,..n , Inequality (4.2) reduces to inequality given by Bernard and Sharma [5]

n r
(4.3) L>Y plog il :
D

i=

(d)For noiseless channel |ra | L= 1, Inequality (4.2) reduces to inequality given by Kerridge [9]

4.4) L> _Zpi log q; >

i=1
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