
          International Journal of Scientific Research in Engineering and Management (IJSREM) 

                        Volume: 08 Issue: 06 | June - 2024                         SJIF Rating: 8.448                                    ISSN: 2582-3930                                                                                                                                               

 

© 2024, IJSREM      | www.ijsrem.com                                                                                                                 |        Page 1 

The Study of Five Integral Equation Involving Inverse Mellin Transforms 

 

Indu Shukla1, Brajesh kumar Mishra2 

1,2Associate Professor; Basic Science & Humanities Department 

Maharana Pratap Engineering College, Kanpur, India 

indu@mpgi.edu.in 

brajeshmishra@mpgi.edu.in 

 

Abstract:- In this paper, we have considered the solution of the five integral equation involving inverse Mellin 

Transforms . 
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1. INTRODUCTION 

We consider the following five integral equations 

𝑀−1 [
𝛤(𝜉+

𝜈

𝛿
)

𝛤(𝜉+𝛽+
𝜈

𝛿
)

𝛹(𝜈), 𝑥] = {

𝑓1(𝑥)    0 ≤ 𝑥 < 𝑎

𝑓3(𝑥)    𝑏 < 𝑥 < 𝑐

𝑓5(𝑥)    𝑑 < 𝑥 < ∞
}                    (1.1) 

𝑀−1 [
𝛤(1+𝜂−

𝜈

𝜎
)

𝛤(1+𝜂+𝛼−
𝜈

𝜎
)

𝛹(𝜈), 𝑥] = {
𝑔2(𝑥)    𝑎 < 𝑥 < 𝑏

𝑔4(𝑥)    𝑐 < 𝑥 < 𝑑
}      (1.2) 

Where 𝛼, β, 𝜉, δ, η >0, 𝜎 >0 are real parameter𝑔2(𝑥)𝑎𝑛𝑑 𝑔4(𝑥) are known function 𝛹(𝜈) is to be determined. 

2. PRELIMINARY RESULTS  

1. The inverse operators are given by  

𝐼𝜂,𝛼
−1 (𝑎, 𝑥; 𝜎)𝑓(𝑥) = 𝐼𝜂+𝛼,−𝛼(𝑎, 𝑥; 𝜎)𝑓(𝑥)                    (2.1) 

𝐾𝜂,𝛼
−1(𝑥, 𝑏; 𝜎)𝑓(𝑥) = 𝐾𝜂+𝛼,−𝛼(𝑥, 𝑏; 𝜎)𝑓(𝑥)               (2.2) 

2. 𝑀[𝐼𝜂,𝛼(0, 𝑥: 𝜎)𝑓(𝑥); 𝜈] =
𝛤(1+𝜂−

𝝂

𝝈
)

𝛤(1+𝜂+𝛼−
𝝂

𝝈
)

𝑀[𝑓(𝑥); 𝜈]          (2.3) 

𝑀[𝐾𝜂,𝛼(𝑥, ∞: 𝜎)𝑓(𝑥); 𝜈] =
𝛤(𝜂+

𝝂

𝝈
)

𝛤(𝜂+𝛼+
𝝂

𝝈
)

𝑀[𝑓(𝑥); 𝜈]            (2.4) 
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3. THE SOLUTION 

The five ranges of the variable 𝑥 are defined as: 

𝐼1 = {𝑥: 0 ≤ 𝑥 < 𝑎} 

𝐼2 = {𝑥: 𝑎 < 𝑥 < 𝑏} 

𝐼3 = {𝑥: 𝑏 < 𝑥 < 𝑐} 

𝐼4 = {𝑥: 𝑐 < 𝑥 < 𝑑} 

𝐼5 = {𝑥: 𝑑 < 𝑥 < ∞}                             (3.1) 

and we shall write any function 𝑓(𝑥), 𝑥 ≥ 0in the form 

𝑓(𝑥) = ∑ 𝑓𝑖
5
𝑖=1 (𝑥)                             (3.2) 

Where, 

𝑓𝑖(𝑥) = {
𝑓(𝑥)       𝑥 ∈ 𝐼𝑖,   𝑖 = 1,2,3,4,5

0                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   }                       (3.3) 

The five integral equations (1.1) & (1.2) as 

𝑀−1 [
𝛤(𝜉+

𝜈

𝛿
)

𝛤(𝜉+𝛽+
𝜈

𝛿
)

𝛹(𝜈), 𝑥] = 𝑓(𝑥)                               (3.4) 

𝑀−1 [
𝛤(1+𝜂−

𝜈

𝜎
)

𝛤(1+𝜂+𝛼−
𝜈

𝜎
)

𝛹(𝜈), 𝑥] = 𝑔(𝑥)                         (3.5) 

Where 𝑓1,𝑔2,𝑓3,𝑔4,𝑓5, are prescribed functions while𝑔1,𝑓2,𝑔3,𝑓4, are unknown functions to be determined 

𝛹(𝜈) = 𝑀[∅(𝑥), 𝜈]                                               (3.6) 

Use results (2.3) & (2.4)we find the equations (3.4) & (3.5) assume the operational form 

𝐼𝜂,𝛼(0, 𝑥; 𝜎)∅(𝑥) = 𝑔(𝑥)                            (3.7) 

𝐾𝜉,𝛽(𝑥, ∞; 𝛿)∅(𝑥) = 𝑓(𝑥)                          (3.8) 

Using results (2.1) & (2.2) solving the about equation for ∅(𝑥)we obtain  

∅(𝑥) = 𝐼𝜂+𝛼,−𝛼(0, 𝑥; 𝜎)𝑓(𝑥)                      (3.9) 
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           = 𝐾𝜉+𝛽,−𝛽(𝑥, ∞; 𝛿)𝑔(𝑥)                   (3.10) 

Now we proceed to determine ∅. The subscripts on all the operators I`s will be supposed to have subscript (𝜂, 𝛼; 𝜎) 

understood and all K`s To have subscript (𝜉, 𝛽; 𝛿).Evaluating (3.9) on𝐼1,𝐼2,𝐼3,𝐼4 we get 

∅1 = (
𝑥
0

) 𝐼−1𝑓1                        (3.11) 

∅2 = (
𝑎
0

) 𝐼−1𝑓1 + (
𝑥
𝑎

) 𝐼−1𝑓2                     (3.12) 

∅3 = (
𝑎
0

) 𝐼−1𝑓1 + (
𝑏
𝑎

) 𝐼−1𝑓2+(
𝑥
𝑏

) 𝐼−1𝑓3                (3.13) 

∅4 = (
𝑎
0

) 𝐼−1𝑓1 + (
𝑏
𝑎

) 𝐼−1𝑓2 + (
𝑐
𝑏

) 𝐼−1𝑓3 + (
𝑥
𝑐

) 𝐼−1𝑓4              (3.14) 

Equating (3.1) on 𝐼1,𝐼2,𝐼3, 𝐼4&𝐼5 

∅1 = (
𝑎
𝑥

) 𝐾−1𝑔1 + (
𝑏
𝑎

) 𝐾−1𝑔2 + (
𝑐
𝑏

) 𝐾−1𝑔3 + (
𝑑
𝑐

) 𝐾−1𝑔4+ (
∞
𝑑

) 𝐾−1𝑔5            (3.15) 

∅2 = (
𝑏
𝑥

) 𝐾−1𝑔2 + (
𝑐
𝑏

) 𝐾−1𝑔3 + (
𝑑
𝑐

) 𝐾−1𝑔4 + (
∞
𝑑

) 𝐾−1𝑔5               (3.16) 

∅3 = (
𝑐
𝑥

) 𝐾−1𝑔3 + (
𝑑
𝑐

) 𝐾−1𝑔4 + (
∞
𝑑

) 𝐾−1𝑔5                       (3.17) 

∅4 = (
𝑑
𝑥

) 𝐾−1𝑔4 + (
∞
𝑑

) 𝐾−1𝑔5                   (3.18) 

∅5 = (
∞
𝑥

) 𝐾−1𝑔5                      (3.19) 

Since 𝑔5 is known , ∅5can be determined by equation(3.19) now we solve (3.11) for 𝑓1 

𝑓1 = (
𝑥
0

) 𝐼 ∅1                   (3.20) 

Substituting this in (3.12) to get 

∅2 = (
𝑎
0

) 𝐼−1 (
𝑥
0

) 𝐼 ∅1 + (
𝑥
𝑎

) 𝐼−1𝑓2                         (3.21) 

 By equations (3.17) & (3.20) 

𝑓3 = (
𝑥
𝑏

) 𝐼 [∅3 − (
𝑎
0

) 𝐼−1 (
𝑥
0

) 𝐼 ∅1 − (
𝑏
𝑎

) 𝐼−1𝑓2]                      (3.22) 
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Similarly from equation (3.18) we find out the value of ∅4 in terms of ∅1 & ∅3with the help of equation (3.20) and 

(3.22) 

∅4 = (
𝑎
0

) 𝐼−1 (
𝑥
0

) 𝐼 ∅1 + (
𝑏
𝑎

) 𝐼−1𝑓2 + (
𝑐
𝑏

) 𝐼−1 (
𝑥
𝑏

) 𝐼 [∅3 − (
𝑎
0

) 𝐼−1 (
𝑥
0

) 𝐼 ∅1 − (
𝑏
𝑎

) 𝐼−1𝑓2] +             (
𝑥
𝑐

) 𝐼−1𝑓4            

            (3.23) 

Similarly for𝑔4 

𝑔4 = (
𝑑
𝑥

) 𝐾 [∅4 − (
∞
𝑑

) 𝐾−1𝑔5]             (3.24) 

Substituting this in equation (3.17) we find ∅3 in terms of ∅4 

∅3 = (
𝑐
𝑥

) 𝐾−1𝑔3 + (
𝑑
𝑐

) 𝐾−1 (
𝑑
𝑥

) 𝐾 [∅4 − (
∞
𝑑

) 𝐾−1𝑔5] + (
∞
𝑑

) 𝐾−1𝑔5               (3.25) 

Now by equations (3.16) and (3.24) 

𝑔2 = (
𝑏
𝑥

) 𝐾 [∅2 − (
𝑐
𝑏

) 𝐾−1𝑔3 − (
𝑑
𝑐

) 𝐾−1 (
𝑑
𝑥

) {∅4 − (
∞
𝑑

) 𝐾−1𝑔5} − (
∞
𝑑

) 𝐾−1𝑔5  ]    (3.26) 

Similarly from equation (3.15) we find the value of ∅1 in the terms of ∅2 and ∅4 with the help of equation (3.24) 

and (3.26) 

∅1 = (
𝑎
𝑥

) 𝐾−1𝑔1 + (
𝑏
𝑎

) 𝐾−1 (
𝑏
𝑥

) 𝐾 [∅2 − (
𝑐
𝑏

) 𝐾−1𝑔3 − (
𝑑
𝑐

) 𝐾−1 (
𝑑
𝑥

) 𝐾 {∅4 − (
∞
𝑑

) 𝐾−1𝑔5} − (
∞
𝑑

) 𝐾−1𝑔5] +

(
𝑐
𝑏

) 𝐾−1𝑔3 + (
𝑑
𝑐

) 𝑘−1 (
𝑑
𝑥

) 𝐾 [∅4 − (
∞
𝑑

) 𝐾−1𝑔5] + (
∞
𝑑

) 𝐾−1𝑔5           (3.27) 

We have thus arrived at five simultaneous equations (3.27) (3.21) (3.26) and (3.19) associated with five unknown 

functions ∅1 , ∅2, ∅3, ∅4𝑎𝑛𝑑 ∅5 respectively. 

          From these equations we can obtain the values of these unknowns and hence the solution of the problem will 

be determined by equations (3.6). 
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