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Abstract

Fractional differential equations (FDEs) have turned into a key of modelling complex systems that exhibit memory
and hereditary behaviour, unsuitably represented by classical integer-order differential equations. The paper discusses
how transform methods, specifically the Laplace transform, can be applied in the solution of a fractional differential
equation. The paper will give a summary of the definition of fractional calculus, its most common definitions,
including the Riemann-Liouville and Caputo derivatives. It also explains how transform methods make solving FDEs
simpler as they are used to change the differential equations into algebraic equations thus making them easier to find
analytical solutions. The applicability of FDEs in other fields like engineering, physics and control systems is
emphasized. The paper also evaluates literature available to establish research gaps that are present in the literature
specifically in the incorporation of transform methods and its application to real-life practice. The results also suggest
that transform methods provide a systematized and effective solution to the fractional differential equations and,
hence, they are most useful in solving highly complicated scientific and engineering problems.
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Liouville derivative, Transform methods

1. Introduction

Differential equations have been an important part of mathematics, physics and engineering since long ago. Classical
differential equations, in which integer derivatives are applied, have been widely applied in the modelling of a broad
variety of phenomena, including mechanical vibrations and electrical circuits. A variety of real-world systems,
however, show complicated behaviour including memory effects, hereditary properties and non-local dependencies
which cannot feasibly be simulated in integer-order models. This has resulted in the increased interest in fractional
calculus and fractional differential equations.

Fractional calculus is a generalization of classical calculus in which derivatives and integrals have non-integer
(fractional) order. The idea goes back, however, to the work of mathematicians like Leibniz and Lhospital in the 17th
century, but it has been conducted into the limelight of academia in recent decades with much of the use being in the
modeling of complex systems. Fractional differential equations, typically involving derivatives of arbitrary order, are a
better representation of systems with memory and hereditary characteristics.

The advent of fractional calculus has provided new directions to study and usage by different fields. Fractional models
have been employed in physics to model anomalously diffusive and viscoelastic materials. They are used in control
systems, signal processing, and electrical circuit analysis in engineering. Fractional differential equations have also
been used to model biological systems, financial markets and even social dynamics, which illustrates their dynamic
and usefulness.

Fractional differential equations are highly challenging problems to solve; it is non-local, and its mathematical form is
so complicated. Conventional analytical tools may be ineffective when used to solve the FDEs and an alternative way
of solving the problems would have to be developed. Transform methods, specially those based on the Laplace
transform have been found to be very efficient among these.

Transform techniques are based on mapping differential equations to algebraic equations in a transformed space that
are easier to solve. After one achieves a solution in the transformed domain, he/she applies reverse transforms to get
the solution in the original domain. This is a much easier way to approach the solution and this has been extensively
applied in solving the classical differential equations. The fact that it can be extended to fractional differential
equations has increased its usefulness even more.
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Transform methods to approximate the effect of the application of transform methods to fractional differential
equations are the adaptation of classical transform methods to the use of the effect of a fractional derivative. This
demands an in depth knowledge of the characteristics of fractional derivatives and their transformative characteristics.
It is particularly convenient to do this in the Laplace transform because it is well-equipped to deal with initial value
problems and because it is compatible with fractional derivatives in the Caputo sense.

This study aims first to discuss the application of transform methods in solving the fractional differential equations.
The paper will offer a precise idea behind the mathematical concepts, talk about the transform themselves technique
uses, and how they work in solving fede. It also aims at assessing current studies in this field to determine the gaps and
propose some possible underlying future work directions.

The importance of this research is that it may help us overcome the gap between what is developed in the theory of the
field of fractional calculus and what is applied in practice. Transform methods can help develop more effective and
accurate models of more complex systems by offering a systematic process of solving fractional differential equations.
This in its turn can result in the improvement of performance and quality of decision making in different fields of
science and engineering.

2. Literature Review

Fractional differential equations have been a booming field of research in recent decades and a number of investigators
have presented both theory and applied fields. The growing popularity of this topic is among other things due to the
capability of the fractional models to account complex dynamics that simply cannot be described by classical integer-
order equations.

The initial research into the field of fractional calculus was mainly done with regard to mathematical basis and
definitions of fractional derivatives. The most popular definitions have been the Riemann-Liouville and Caputo as
each has its own unique merits in different situations. Even theoretically, the Riemann-Liouville derivative is a more
popular choice, whereas in practice, the Caputo derivative is a better choice, especially when the initial value problem
must be solved.

Among the most important contributions to this area is the work of Podlubny, who gave such thorough treatment of the
subject of fractional differential equations and their use. His work brought to the fore the role of fractional calculus in
physically significant models that have memory and a hereditary characteristics. Another topic covered by Podlubny
was the methods of solving FDEs such as analytical, numerical and approximate techniques.

Oldham and Spanier were successful contributors to the world of engineering by bringing concepts of fractional
calculus into the world of engineering. Their studies focused on the practicality of the idea of fractional derivatives in
explaining real-life processes including viscoelasticity and diffusion. They showed how using fractional models could
lead to more precise predictions than the use of classical models.

Use of transform methods in solving fractional differential equations has been a topic of much interest in recent years.
Laplace transform especially has seen a lot of research, because of its usefulness in the realms of needs pertaining to
the representation of linear fractional differential equations. It was demonstrated that the Laplace transform can
facilitate the solution, by transforming the fractional derivatives to algebraic forms in the transform domain.

Using the theory of integral transforms, Kilbas, Srivastava, and Trujillo discussed the theoretical analysis of the
fractional differential equation and its solutions. Their work contained an in-depth analysis of the Laplace transform of
fractional derivatives and laid the groundwork of applying the transform technique to FDEs. They also talked about
the weaknesses of the classical approaches and the necessity to use the other solutions.

Mainardi made important contributions to the use of fractional calculus in physics, including the study of anomalous
diffusion and the propagation of waves. His work showed that the complex physical processes could be modelled by
using fractional differential equations, and transformation techniques were important in achieving the solutions
analytically.
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More developments have been based on the formation of hybrid methods, which integrate transform techniques and
numerical methods. Other methods that have been suggested by the researchers do include the Laplace-Adomian
decomposition method and the Laplace Homotopy perturbation method that increase the efficiency and accuracy of
solving the fractional differential equations. These methods have been effectively put into application in a broad range
of problems, such as nonlinear FDEs.

In spite of these developments, there are still a number of challenges in applying transform methods to fractional
differential equations. The difficulty in solving nonlinear equations and problems with boundary values is one of the
most important problems. Although transform methods prove to be very useful in the context of linear equations, their
use in the problem of nonlinear systems usually involves further alterations and approximations.

The other area of interest that needs more research is application of transform methods together with real world
applications. These methods have been proved to be effective in a number of theoretical studies but in engineering and
scientific problems their practical application remains minimal. More application-oriented studies are needed that are
aimed at finding solutions to complex systems with robustness and efficiency of solutions.

Moreover, solving fractional differential equations by transform methods have some difficulties in their computational
features. The transform inverse, especially in complicated instances, can be computationally costly and could need
sophisticated numerical methods. Enhanced efficiency of these computations is a current research problem.

There is also need to standardize definitions and methodologies of fractional calculus as noted in the literature.
Fractions of a derivative can be defined in different ways and this may result into discrepancies and confusion,
particularly in comparing the findings of various researchers. Having a standard framework could help to understand
and implement fractional differential equations.

On the whole, the current literature illustrates the high possibilities of transform methods in the fractional differential
equation situation. Nevertheless, further research remains open especially in resolving the issues related to nonlinear
systems, computational performance as well as in application. It must be noted that extended studies with this field are
necessary in the effort to reap maximum adequacies of fractional calculus in models and solve complex issues.

3. Preliminaries

Fractional calculus generalizes the idea of derivatives and integrals of integer orders to arbitrary real or even complex
order derivatives and integrals. In contrast to classical derivatives, fractional derivatives are non-local by nature, i.e.
that the value of the fractional derivative at a given point is determined by the value of the function over a interval and
not at a single point. Fractional derivatives are especially adaptable to the modelling of memory and hereditary
systems.

One of the most commonly used definitions in fractional calculus is the Riemann—Liouville fractional derivative.
For a function f(t), the Riemann—Liouville fractional derivative of order a(where n — 1 < a < n) is defined as:

D% — 1 " ‘ n—-a—1 d
f(f)—mﬁfo(t—f) f(@)dr

where I'(:) denotes the Gamma function, which generalizes the factorial function for non-integer values. The
foregoing definition brings out the integral form of the derivatives of fractions and their reliance on previous values of
the function.

The Caputo fractional derivative is another common definition in use and is commonly used in practice because it is
compatible with classical initial conditions. It is defined as:

1 t
DO = r—s j; (t — DO (D) dr

—a)
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The major distinction between the Riemann-Liouville and Caputo derivatives is the order of differentiation and
integration. The Caputo definition uses the integer-order derivative then the fractional integral so it is more appropriate
to physical problems with initial conditions given in terms of integer-order derivatives.

There are important properties about the use of fractional derivatives. Among these is the property of linearity, which
means that the fractional derivative of a linear combination of functions is an identical combination of the fractional
derivatives of each of the functions. Additionally, fractional derivatives do not generally satisfy the semigroup
property, i.e., D*DP f(t) # D**P f(t), which distinguishes them from classical derivatives.

The Gamma function, defined as

I'(a) =f t@ le~tdt,
0

plays a crucial role in fractional calculus. It occurs in the normalization constants of fractional derivatives and
integrations and proper scaling of these operators.

Fractional integrals are fundamentals of fractional calculus too. The Riemann—Liouville fractional integral of order
a > 01is given by:

1 t
0 = 15 fo (¢ - D f(0) dr

The operator is a fractional derivative inverse under certain conditions, and may often be employed to derive and solve
equations involving fractional differentiation.

The mathematical framework of such definitions is used as the basis of analysis and solution to fractional differential
equations. Before the transform methods can be used, it is necessary to understand those concepts since the transform
behaviour of fractional derivatives can be of a critical interest in simplifying and solving FDEs.

4. Transform Methods

Transform methods are potent mathematical techniques to turn the differential equations into algebraic equations and
hence easier to examine and cognize. The Laplace transform most adapts to solving fractional differential equations
most notably on initial value problems.

The Laplace transform of a function f(t) is defined as:

[oe]

LIF(D} = F(s) = fo et £(2) dt

For fractional derivatives in the Caputo sense, the Laplace transform has a well-defined form. If ¢D¥f(t)is the
Caputo derivative of order a, then its Laplace transform is given by:

n—-1

L CDUF() = sTF(s) - ) 5Tk FI(0)

k=0

This term demonstrates the Laplace transform of a fractional derivative includes the transformed signal, and the
starting conditions, and is consequently very useful in solving initial value problems.

The basic steps of computing the Laplace transform of solving fractional differential equations may be summarized as
follows. It is first translated into the Laplace domain using the given fractional differential equation. This transforms

© 2024, IJSREM | www.ijsrem.com DOI: 10.55041/IJSREM32971 | Page 4


http://www.ijsrem.com/

oo \&3
‘{IJSREM"
;w7 International Journal of Scientific Research in Engineering and Management (I[JSREM)
R sads  Volume: 08 Issue:05 |May-2024 SJIF Rating: 8.448 ISSN: 2582-3930

the differential equation to an algebraic equation of s. The transform function F(s) is then solved using algebraic
equation. Lastly, the inverse Laplace transform is used to get the solution in the original time domain.

The Fourier transform is another useful tool, particularly for problems defined over infinite or periodic domains. It is
defined as:

FUF(D) = F(w) = f £ et

Although the Fourier transform is not as commonly applied to initial value problems, it has a significant part in the
solution of the boundary value problem and in the analysis of frequency-domain properties of fractional systems.

The need to solve the fractional differential equations can be simplified drastically using transform methods. They can
convert derivatives to algebraic forms, thus avoiding the direct integration or differentiation of fractional operators.
This helps in the simplification of the process of solution as well as gives more insights on the behaviour of the
system.

5. Problem Formulation and Solution
To illustrate the application of transform methods, consider a simple fractional differential equation of the form:

CDey(t) +ay(t) =00<a <1

with the initial condition:

y(0) =y,

Applying the Laplace transform to both sides, we obtain:

S%Y(s) —s* 1y, +a¥(s) =0

Rearranging terms gives:

Y(s)(s® +a) =51y,

Solving for Y (s):

a—-1

Yo

Y(s) =
() s®4+a

Taking the inverse Laplace transform, the solution is expressed in terms of the Mittag-Leffler function:

y(@) = yoEq(—at®)

where E,(-)is the Mittag-Leffler function, which generalizes the exponential function and frequently appears in
solutions of fractional differential equations.

As a second example, consider:

CDry(t) =t
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Applying the Laplace transform:

s%Y(s) —s*1y(0) = 1
52

Assuming y(0) = 0, we get:

Y(s) =

Sa+2

Taking the inverse Laplace transform:
patl

T

These examples demonstrate how transform methods simplify the process of solving fractional differential equations
by reducing them to algebraic manipulations.

6. Results and Discussion

The answers that are found with transform methods demonstrate the usefulness of the methods in dealing with
fractional equations. Laplace transform admits a structured method to the solution of FDEs especially in cases of linear
equations with clearly defined initial conditions.

Among the significant observations is the manner on which the Mittag-Leffler function appeared in the solutions. This
function has similar role to that of the exponential function in classical differential equations, where the relationship
arises due to the generalization of the fact of a fractional system. The solutions behaviour which includes the Mittag-
Leffler function tends to decay or grow slower than exponential functions as is expected to be due to the memory
properties of the fractional systems.

Transform techniques have a few advantages they have over classical methods. They introduce fewer computations, in
many instances, offer closed-form solutions, and are quite versatile in relation to numerous kinds of fractional
derivatives. However, there are still difficulties in the solution of nonlinear equations and complicated boundary
conditions when transform methods might be subject to further changes.

7. Conclusion

This paper has discussed how transform methods can be used to solve fractional differential equations. Fractional
calculus offers an effective skeleton of descriptions of complex systems having memory and hereditary traits, and
transform methods like the Laplace transform give an effective way of getting analytical ones.

This discussion shows that transform techniques make the solution process simple because differential equations are
reduced to algebraic equations, which cause them to be easy to solve. It is further increased by using special functions
like the Mittag-Leffler function to express solutions of the fractional systems.

Although they are effective, further research is still possible, especially to office nonlinear problems and to enhance
the efficiency of the computations. Further research on line with work may be carried further by thinking about
combining transform-based methods with numerical techniques to consider more practical real world considerations.
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