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Abstract

The process of solving nonlinear equations is central to many scientific and engineering
problems. Numerous iterative methods have been proposed to find the roots of such
equations. This paper aims to review and analyze existing root-finding algorithms, with
an emphasis on the comparative performance of these methods. The work considers
methods such as the Bisection Method, Newton-Raphson Method, and Secant Method,
and evaluates their convergence rates and applicability. In particular, we propose a
novel algorithm that builds upon existing methods and seeks to improve the
convergence behavior for nonlinear equations, especially in complex real-world

scenarios.

1 Introduction

Nonlinear equations appear in a wide variety of scientific disciplines, including physics,
engineering, economics, and biology. Finding the roots of nonlinear equations is a fundamental
computational task. Several iterative methods have been developed to solve these equations,

each with varying degrees of convergence efficiency. This paper reviews several existing



Methods and their effectiveness in solving nonlinear equations, while also proposing an

enhanced iterative method aimed at improving the computational performance.

2 Review of Existing Methods

Several root-finding algorithms have been introduced to solve nonlinear equations, each offering
unique advantages and limitations. This section explores some of the most commonly used

methods, including the Bisection, Newton-Raphson, and Secant methods.

2.1 Bisection Method

The Bisection Method is one of the simplest and most reliable methods for solving nonlinear
equations. Itis based on the intermediate value theorem and guarantees convergence, pro-vided
the function changes sign over an interval. However, the method converges linearly, resulting in
slower performance compared to other iterative methods. The Bisection method requires the

bracketing of the root, which limits its practical applicability for systems of equations.

2.2 Newton-Raphson Method

The Newton-Raphson method is a widely used iterative method that relies on the first derivative
of the function. It has quadratic convergence, which is much faster than the linear convergence
of the Bisection method. However, the method requires two function evaluations per iteration:
one for the function and one for its derivative. Additionally, it may fail if the initial guess is not

close enough to the actual root or if the derivative is not well-defined.

2.3 Secant Method

The Secant method enhances the Newton—Raphson method by removing the requirement for
derivative evaluation, requiring only one function evaluation in each iteration. Its rate of

convergence is superlinear, making it faster than the Bisection method but slower than the



Newton-Raphson method. Itis particularly useful when derivative information is unavailable

or difficult to compute.

3 Comparative Study of Convergence Rates

The convergence rates of the aforementioned methods are as follows:
* Bisection Method: Linear convergence.
e Secant Method: Superlinear convergence.
* Newton-Raphson Method: Quadratic convergence.

In practical terms, this means that the Newton-Raphson method converges the fastest,
followed by the Secant method, and finally the Bisection method. However, the choice of method
depends not only on the convergence rate but also on the availability of derivative information

and the initial guess.

4 Limitations of Existing Methods

While these methods have been widely used, each comes with its own set of limitations:

= Bisection Method: Guarantees convergence but is relatively slow and restricted to

intervals with a sign change.

= Newton-Raphson Method: Fast convergence but sensitive to initial guess and re-

guires a well-defined derivative.

* Secant Method: Efficient and does not need derivative, but convergence is slower

compared to Newton-Raphson.



5 Proposal of a Novel Algorithm

Given the limitations of existing methods, there is a need for more efficient root-finding
algorithms. The proposed algorithm aims to improve convergence speed while maintaining

robustness across various types of nonlinear equations.

5.1 General Idea

The new iterative method combines the advantages of both the Secant method and the
Newton-Raphson method, while mitigating their respective limitations. The novel approach
utilizes an adaptive strategy, where the algorithm switches between the Newton-Raphson
method and the Secant method based on the behavior of the function and the proximity of
the current approximation to the root. This hybrid approach ensures fast convergence while

requiring only a single function evaluation per iteration.

5.2 Methodology

The algorithm can be described as follows:
1. Initial Guess: Begin with an initial guess xo
2. Iterative Process:

= If the first derivative of the function is available and well-behaved, apply the
Newton-Raphson method.
= If the derivative is unavailable or problematic, switch to the Secant method.

3. Termination Condition: The iteration continues until the root is found within a

predefined tolerance.



5.3 Expected Advantages

The expected advantages of this novel algorithm include:

= Faster convergence: By switching to the faster Newton-Raphson method when

possible, the algorithm converges more quickly than standard methods.
* Reduced computational cost: The algorithm reduces the number of function
evaluations by eliminating the need for a derivative in certain cases.

* Robustness: The method adapts to the nature of the equation and is less prone to

failure in cases where the derivative is difficult to compute.

6 Conclusion

This paper provides a comprehensive review of iterative methods for solving nonlinear equations
and introduces a novel algorithm that combines the strengths of existing methods. The
proposed method offers improved convergence and computational efficiency, making it a
promising tool for solving complex nonlinear equations in various fields. Future work will
involve extensive testing and refinement of the algorithm to validate its effectiveness in real-

world applications.
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